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1. Introduction 



n( 



Let M be a closed connected smooth manifold with Riemannian metric g. Suppose 
£^ is a flat complex vector bundle over M . Let /i be a Hermitian metric on E. Recall 
the dcRham differential ds ■ Vl*(M;E) -> Vt*+'^{M;E) on the space of ^-valued 
differential forms. Let d*^ f^ : i}*+^{M; E) — > Q.*{M\ E) denote its formal adjoint 
with respect to the Hermitian scalar product on Q*{M]E) induced by g and h. 
Consider the Laplacian l^E.g,h = dEd*^gj^ + d-^g^dE : fl*{M;E) — > n*{M;E). 
Recall the (inverse square of the) Ray-Singer torsion [29j 

{dct'{AE,g,h,,)Y''^''' e 
q 

Here det {lS.E,g,h,q) denotes the zeta regularized product of all non-zero eigen values 
of the Laplacian acting in degree q. This is a positive real number which coincides, 
up to a computable correction term, with the absolute value of the Reidemeister 
torsion, see [2- 

The aim of this paper is to introduce a complex valued Ray-Singer tor- 
sion which, conjecturally, computes the Reidemeister torsion, including its phase. 
This is accomplished by replacing the Hermitian fiber metric h with a fiber wise 
non-degenerate symmetric bilinear form h on E. The bilinear form b permits to 
define a formal transposed d^ „ ^ of d^, and an in general not self adjoint Lapla- 
cian /^E,g,b '■— dEd^^ g b ^ d-E „ j^dE ■ The (inverse square of the) complex valued 
Ray-Singer torsion is then defined by 

n(det'(As^,,,.,))^-'^''eC^ :=C\{0}. (1) 



The main result proved here, see Theorem l4.2l below. is an anomaly formula for the 
complex valued Ray-Singer torsion, i.e. we compute the variation of the quantity 
([1]) through a variation of g and b. This ultimately permits to define a smooth 
invariant, the analytic torsion. 

The paper is roughly organized as follows. In Section [2] we recall Euler and 
coEuler structures. These are used to turn the Reidemeister torsion and the com- 
plex valued Ray-Singer torsion into topological invariants referred to as combi- 
natorial and analytic torsion, respectively. In Section [3] we discuss some finite 
dimensional linear algebra and recall the combinatorial torsion which was also 
called Milnor-Turaev torsion in [11] . Section [4] contains the definition of the pro- 
posed complex valued analytic torsion. In Section [5] we formulate a conjecture, see 
Conjecture 15.11 relating the complex valued analytic torsion with the combina- 
torial torsion. We establish this conjecture in some non-trivial cases via analytic 
continuation from a result of Cheeger [1^1 [T7] , Miiller [25] and Bismut-Zhang 2 . 
Section [6] contains the derivation of the anomaly formula. This proof is based on 
the computation of leading and subleading terms in the asymptotic expansion of 
the heat kernel associated with a certain class of Dirac operators. This asymptotic 
expansion is formulated and proved in Section [71 see Theorem 17.11 In Section [5] 
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we apply this result to the Laplacians As^g^b and therewith complete the proof of 
the anomaly formula. 

We restrict the presentation to the case of vanishing Euler-Poincare charac- 
teristics to avoid geometric regularization, see [llj and J12j . With minor modifica- 
tions everything can easily be extended to the general situation. This is sketched 
in Section [S] The analytic core of the results, Theorem 17.11 and its corollaries 
Propositions 16.11 and 16. 2[ are formulated and proved without any restriction on 
the Euler-Poincare characteristics. 

Let us also mention the series of recent preprints [H IH [5l [6l [7] . In these papers 
Braverman and Kappeler construct a "refined analytic torsion" based on the odd 
signature operator on odd dimensional manifolds. Their torsion is closely related 
to the analytic torsion proposed in this paper. For a comparison result see Theo- 
rem 1.4 in [7j. Some of the results below which partially establish Conjecture 15.11 
have first appeared in [7] , and were not contained in the first version of this paper. 
The proofs we will provide have been inspired by [7' but do not rely on the results 
therein. 

Recently, in October 2006, two preprints [13] and [33j have been posted on the 
internet providing the proof of Conjecture 15.11 In [T5] Witten-Helffer-Sjostrand 
theory has been extended to the non-self adjoint Laplacians discussed here, and 
used along the lines of [lOj, to establish Conjecture 15.11 for odd dimensional man- 
ifolds, up to sign. Comments were made how to derive the conjecture in full gen- 
erality on these lines. A few days earlier, by adapting the methods in [^ to the 
non-selfadjoint situation, Su and Zhang in [33] provided a proof of the conjecture. 

The definition of the complex valued analytic torsion was sketched in [M] . 

We thank the referees for useful remarks and for pointing out several sign 
mistakes. 



2. Preliminaries 

Throughout this section M denotes a closed connected smooth manifold of dimen- 
sion n. For simplicity we will also assume vanishing Euler-Poincare characteristics, 
X(M) = 0. At the expense of a base point everything can easily be extended to 
the general situation, see [H], [TT], [T^] and Section [5] 

Euler structures 

Let M be a closed connected smooth manifold of dimension n with x(M) = 0. 
The set of Euler structures with integral coefficients C;ul(M; Z) is an ajfine version 
of Hi{M; Z). That is, the homology group Hi{M; Z) acts free and transitively on 
£u[(M; Z) but in general there is no distinguished origin. Euler structures have 
been introduced by Turaev |34| in order to remove the ambiguities in the definition 
of the Reidemeister torsion. Below we will briefly recall a possible definition. For 
more details we refer to [TT] and [12] . 

Recall that a vector field X is called non-degenerate ii X : M ^ TM is 
transverse to the zero section. Denote its set of zeros by X. Recall that every 
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X E X has a Hopf index INDx(a;) G {il}- Consider pairs {X,c) where X is a 
non-degenerate vector field and c G Cl^'^^{M; Z) is a singular 1-chain satisfying 

dc = c{X) := Y^ INDx(a;)x. 
xex 

Every non-degenerate vector field admits such c since we assumed x(M) = 0. 
We call two such pairs (Xi, ci) and {X2, c-i) equivalent if 

C2 - ci == cs(Xi, X2) e Crs(M; Z)/acr^(M; Z). 

Here cs(Xi,X2) G Cf"^(M; Z)/aC2'"^(M; Z) denotes the Chern-Simons class 
which is represented by the zero set of a generic homotopy connecting Xi with 
X2. It follows from cs(Xi,X2) -|-cs(X2,X3) = cs(Xi,X3) that this indeed is an 
equivalence relation. 

Define €u[(M; Z) as the set of equivalence classes [X, c] of pairs considered 
above. The action of [<t] G Hi{M;Z) on [X,c] S €ul(M;Z) is simply given by 
[X, c] + [a] := [X, c + a]. Since cs(X, X) = this action is well defined and free. 
Because of 9cs(Xi,X2) ~ e(X2) — c(Xi) it is transitive. 

Replacing singular chains with integral coefhcients by singular chains with 
real or complex coefficients we obtain in exactly the same way Euler structures 
with real coefficients Sul(M; M) and Euler structures with complex coefficients 
€u[(M; C). These are affine version of _ffi(M; M) and Hi{M; C), respectively. There 
are obvious maps €ul{M; Z) — > €ul{M; R) -^ €ul{M; C) which are affine over the 
homomorphisms iJi(M;Z) ^ Hi{M;R) —> Hi{M;C). We refer to the image of 
(£u[(M;Z) in <Bul{M;R) or €u[(M;C) as the lattice of integral Euler structures. 

Since we have e{-X) = (-l)"e(X) and cs(-Xi,-X2) = (-1)" cs(Xi, X2), 
the assignment i^([X, c]) := [— X, (— l)"c] defines affine involutions on €u[(A'/;Z), 
€u[(M;R) and eu((M;C). If n is even, then the involutions on €u[(M;R) and 
€u[(M; C) are affine over the identity and so we must have v — id. If n is odd 
the involutions on €u[(M;R) and €u[(M;C) are affine over —id and thus must 
have a unique fixed point Ccan G £u((M;R) C £ul(M;C). This canonic Euler 
structure permits to naturally identify €u[(M;M) resp. €ul{M;C) with iJi(M;M) 
resp. Hi{M; C), provided n is odd. Note that in general none of these statements 
is true for the involution on 2u((M;Z). This is due to the fact that in general 
_ffi(M;Z) contains non-trivial elements of order 2, and elements which are not 
divisible by 2. 

Finally, observe that the assignment [X, c] t—^ [X, c] defines a conjugation 
e H^ e on €ul{M;C) which is affine over the complex conjugation Hi{M;C) -^ 
Hi{M; C), [a] h^ [a]. Clearly, the set of fixed points of this conjugation coincides 
with gu[(M;M) C C£u[(M;C). 

Lemma 2.1. Let M be a closed connected smooth manifold with xij^) — 0; ^^^ 
e G Su[(M; Z) be an Euler structure, and let xq E M be a base point. Suppose X is a 
non-degenerate vector field on M with zero set A" 7^ 0. Then there exists a collection 
of paths a^, (Ta;(0) = x^, a^(\) ^ x, x e X, so that e = [X,J2xex^^^xix)crx] . 
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Proof. For every zero x Cz X choose a path ax with ax{0) — xq and ax{l) ~ x. 
Set c := ^x<£X^^^x{x)a-x. Since x(A/) = we clearly have dc = c{X). So 
the pair {X,c) represents an Euler structure e := [X,c] € €u[(M;Z). Because 
i/i(M;Z) acts transitively on (Bul{M;Z) we find a G Hi{M;Z) with e + a = e. 
Since the Hurewicz homomorphism is onto we can represent a by a closed path 
n with 7r(0) = 7r(l) = xq. Choose y G X. Define ay as the concatenation of ay 
with TT^^^^iy\ and set ax ■= ax for x ^ y. Then the pair {x,^^^;^;lNDxix)ax) 
represents e + a = e. D 

CoEuler structures 

Let M be a closed connected smooth manifold of dimension n with xi.^) = 0- The 
set of coEuler structures (Eul*{M] C) is an affine version of H^~^{M; C^). That is 
the cohomology group H"'~^{M;0^) with values in the complexified orientation 
bundle O^ acts free and transitively on (£u[*(Af;C). CoEuler structures are well 
suited to remove the metric dependence from the Ray-Singer torsion. Below we 
will briefly recall their definition, and discuss an affine version of Poincare duality 
relating Euler with coEuler structures. For more details and the general situation 
we refer to [TT] or [I^ . 

Consider pairs {g,a), g a Riemannian metric on M, a £ J7"^^(M; O^), 
which satisfy 

da = e{g). 

Here e{g) £ il"(Af ; C^f ) denotes the Euler form associated with g. In view of the 
Gauss-Bonnet theorem every g admits such a for we assumed xi^) = 0. 
Two pairs {gi, ai) and ((72, 0^2 ) as above are called equivalent if 

a2 - ai = cs(5i, 52) G ^""^(M; Oli) / dn"-^M ; Oli). 

Here cs(gi,52) £ f7"-i(M; e'£^)/dfi"-2(M;0£f) denotes the Chern-Simons class 
[TS] associated with gi and 52- Since cs{gi, g2)+cs{g2, gs) = cs((7i, 173) this is indeed 
an equivalence relation. 

Define the set of coEuler structures with complex coefficients €u[*(M;C) as 
the set of equivalence classes [g, a] of pairs considered above. The action of [/3] £ 
H"-^M]Oli) on [g,a] £ (£ur(M;C) is defined by [g,a] + [(3] := [g,a - /?]. 
Since cs{g,g) = this action is well defined and free. Because of dcs{gi,g2) — 
e(ff2) — e(s'i) it is transitive too. 

Replacing forms with values in Oj^ by forms with values in the real ori- 
entation bundle O^j we obtain in exactly the same way coEuler structures with 
real coefficients £ul*(Af;]R), an afhne version of H"~^{M;0^.j). There is an ob- 
vious map £ul*(Af;R) -^ £ul*(Af;C) which is affine over the homomorphism 
H^-\M;Ol) ^ H''-HM;OIi). 

In view of {—!)"■ e{g) — e{g) and (— 1)" cs(gi,g2) = cs{gi,g2) the assignment 
i^([(7,a]) :— [g, (— l)"a] defines affine involutions on (Bul*{M;'U.) and £u[*(Af;C). 
For even n these involutions are affine over the identity and so we must have 
v = id. For odd n they are affine over — id and thus must have a unique fixed point 
e*a„ £ Cul* (M;M) C €ul*{M;C). Since e{g) = in this case, we have e*^^ = [g,0] 
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where g is any Rieniannian metric. This canonic coEuler structure provides a 
natural identification of €ur(M;]R) resp. (£ur(Af;C) with ff"-i(M;0*^) resp. 
H"~^(M; O^^), provided the dimension is odd. 

Finally, observe that the assignment [g, a] i— > [g, a] defines a complex con- 
jugation e* I— > e* on €ur(M;C) which is affine over the complex conjugation 
W-^{M- OIj) -^ W-^{M; Oil), [P] '^ [/3]- Clearly, the set of fixed points of this 
conjugation coincides with the image of €ul*{AI;M.) C £u[*(M;C). 

PoincEire duality for Euler structures 

Let M be a closed connected smooth manifold of dimension n with x(-^^) — 0- 
There is a canonic isomorphism 

P : €ul{M; C) -^ Cul* ( Af ; C) (2) 

which is affine over the Poincare duality Hi{M;C) -^ H''-'^{M;Of.j). If [X,c] e 
€u[(M; C) and [5, a] € €u[*(Af ; C) then P{[X, c]) = [g, a] iff we have 

/ LoAiX*^{g)-a)= [l, (3) 

JM\X Jc 

for all closed one forms oj which vanish in a neighborhood of X, the zero set of X. 
Here *(.g) G fi"-i(rAf \ M; 7r*0^^) denotes the Mathai-Quillen form [2B] associ- 
ated with g, and it : TM -^ M denotes the projection. With a little work one can 
show that ([3]) does indeed define an assignment as in ([2]) . Once this is established 
([2]) is obviously affine over the Poincare duality and hence an isomorphism. It 
follows immediately from {—X)*'^{g) = {—l)"X*'^{g) that P intertwines the in- 
volution on £u[(Af ; C) with the involution on <Bul*{M; C). Moreover, P obviously 
intertwines the complex conjugations on €u[(A/; C) and €u[*(Af;C). Particularly, 
(P|) restricts to an isomorphism 

P : (£u[(Af;R) -> €ul*{M;R) 

affine over the Poincare duality Hi{M;R) ^ H''-^{M;Olj). 

Kamber Tondeur form 

Suppose _E is a flat complex vector bundle over a smooth manifold M. Let V^ 
denote the flat connection on E. Suppose 6 is a fiber wise non-degenerate symmetric 
bilinear form on E. The Kamber- Tondeur form is the one form 

ujE,b := -itr(6-iV^5) G n\M;C). (4) 

More precisely, for a vector field Y on Af we have ujE.b{Y) := tr(6~^Vy6). Here the 
derivative of b with respect to the induced flat connection on (E^E)' is considered 
as y§b : E ^ E'. Then b^^V^b : E ^ E and ujE.b{y) is obtained by taking the 
fiber wise trace. 

The bilinear form b induces a non-degenerate bilinear form det h on det E :— 
Ark{E}E. From det 6-iV'^'='^(det 6) ^ tr(6-iV^5) we obtain 

^dctE,dctb = i^E,b- (5) 
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Particularly, LL!E,b depends on the flat line bundle det E and the induced bilinear 
form det 5 only. Since V^ is flat, uJE,b is a closed 1-form, cf. ([5]). 

Suppose bi and &2 are two fiber wise non-degenerate symmetric bilinear forms 
on E. Set A := 6j~^&2 G Aut(£'), i.e. b2{v,w) = bi{Av,w) for all v,w in the same 
fiber of E. Then det 62 = det 61 det A, hence 

V'*'^' ^ (det 62 ) = V*"' ^ (det 61 ) det A + (det &i ) d det A 

and therefore 

i^E.M —^E.bi +detA^^ddetA. (6) 

If det &i and det &2 are homotopic as fiber wise non-degenerate bilinear forms 
on det£^, then the function det A : M -^ C^ := C \ {0} is homotopic to the 
constant function 1. So we find a function log det A : M ^ C with d log det A — 
detA~^ddetA, and in view of ([6]) the cohomology classes of ujE,bi and uJE,b2 
coincide. We conclude that the cohomology class [uJE,b] G H^{M;C) depends on 
the flat line bundle det E and the homotopy class [det b] of the induced non- 
degenerate bilinear form det b on det E only. 

If El and E2 are two flat vector bundles with fiber wise non-degenerate 
symmetric bilinear forms 61 and 62 then 

^Ei®E2,bi<Sb2 ^^Ei.bi +^E2M- (''') 

If E' denotes the dual of a flat vector bundle E, and if b' denotes the bilinear form 
on E' induced from a flber wise non-degenerate symmetric bilinear form b on E 
then clearly 

l-^E',b' = —i^E,b- (8) 

If E denotes the complex conjugate of a flat complex vector bundle E, and if b 
denotes the complex conjugate bilinear form of a fiber wise non-degenerate sym- 
metric bilinear form b on E, then obviously 

^E,b = ^^^- (9) 

Finally, if F is a real fiat vector bundle and h is a. fiber wise non-degenerate 
symmetric bilinear form on F one defines in exactly the same way a real Kamber- 
Tondeur form u}F,h '■= ~\ tr(/i~^V^/i) which is closed too. If F'^ := F(g) C denotes 
the complexification of F and h^ denotes the complexification of h then clearly 

^F^^h'^ — ^F,h (10) 

in rj'^(Af;R) C r2^(M;C). Note that all such h give rise to the same cohomology 
class [wf,/i] G ff^(M;E), see dSJ and ©. To see this also note that the induced 
fiber wise non-degenerate bilinear form det h on det F has to be positive definite 
or negative definite, but Wdct_F,-dct/i = ^dctF,dcth- 
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Holonomy 

Suppose _E is a flat complex vector bundle over a connected smooth manifold M . 
Let xo € M be a base point. Parallel transport along closed loops provides an anti 
homomorphism 7ri(M, xq) — *■ GL^Exq), where Ex^ denotes the fiber of E over x^). 
Composing with the inversion in Gh{Exo) we obtain the holonomy representation 
of E at xq 

holf„:7ri(M,a:;o)^GL(^,J. 

Applying this to the flat line bundle det E :— A'^^^-^^E we obtain a homomor- 
phism holj.^* : TTi (M, xq) — > GL(det E^g ) = C^ which factors to a homomorphism 

Oe: Hi{M;Z)^C''. (11) 

Lemma 2.2. Suppose b is a non-degenerate symmetric bilinear form on E. Then 

Here {[LL)E,b],cr) G C denotes the natural pairing of the cohomology class [t^E.b] G 
H^{M;C) andae Hi{M;Z). 

Proof. Let r : [0,1] — > M be a smooth path with r(0) = t(1) ~ xq. Consider 
the flat vector bundle (det E)'"^ := (det E (g) det E)' . Let /3 : [0, 1] -^ (det E)'"^ be 
a section over r which is parallel. Since det b defines a global nowhere vanishing 
section of (det E)^"^ we find A : [0, 1] ^ C so that f] — X det b. Clearly, 

A(l)hoe;*^)"'([r]) = A(0). (12) 

Differentiating /? = Adet& we obtain = A' dot 6 + AV^"?"'^' (det 6). Using (O 
this yields = A' — 2Aaj£;.f,(r'). Integrating we get 

A(l) = A(0)exp( / 2tj£,6(r'(i))dt) = A(0)e2<["^.^l'M>. 

Taking dH]) into account we obtain hol^';'^''* "^^ ^([t]) = e^^^I^-s.tl.M)^ .^^^ ^j^jg gi.,_,gg 



3. Reidemeister torsion 

The combinatorial torsion is an invariant associated to a closed connected smooth 
manifold Af , an Euler structure with integral coefficients e, and a fiat complex 
vector bundle E over M. In the way we consider it here this invariant is a non- 
degenerate bilinear form rj?™^ on the complex line det H*{M;E) — the graded 
determinant line of the cohomology with values in (the local system of coefficients 
provided by) E. If H*{M; E) vanishes, then rj?™'' becomes a non- vanishing com- 
plex number. The aim of this section is to recall these definitions, and to provide 
some linear algebra which will be used in the analytic approach to this invariant 
in Sectional 
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Throughout this section M denotes a closed connected smooth manifold of 
dimension n. For simplicity we will also assume vanishing Euler-Poincare char- 
acteristics, x{^) = 0- At the expense of a base point everything can easily be 
extended to the general situation, see [S], [TT], [T^] and Section [51 

Finite dimensional Hodge theory 

Suppose C* is a finite dimensional graded complex over C with differential d : 
C* -^ C*^^. Its cohomology is a finite dimensional graded vector space and will 
be denoted by H{C*). Recall that there is a canonic isomorphism of complex lines 

detC* =deti/(C*). (f3) 



Let us explain the terms appearing in pS]) in more details, li V \s a, finite di- 
mensional vector space its determinant line is defined to be the top exterior 
product det y := A'^""*^^)]/. If V* is a finite dimensional graded vector space 
its graded determinant line is defined by det y* := det y ^"^ (g) (det F°'^'^)'. Here 
yeven ._ ^ y2q ^^^ yodd ._ ^ y2q+i ^^^ considered as ungraded vector spaces 

and V := L{V; C) denotes the dual space. For more details on determinant lines 
consult for instance [H]. Let us only mention that every short exact sequence of 
graded vector spaces ^ U* ^ V* ^ W* -^ provides a canonic isomorphism 
of determinant lines det U* (g) det W* = det V* . The complex C* gives rise to two 
short exact sequences 

^ B* ^ Z* ^ H{C*) -^0 and ^ Z* ^ C* ^ B*+^ -^ (14) 

where B* and Z* denote the boundaries and cycles in C* , respectively. The 
isomorphism (jI3p is then obtained from the isomorphisms of determinant lines 
induced by (|I4p together with the canonic isomorphism deti?* (g) deti?*+^ = 
det B* (g) {det B*y = C. 

Suppose our complex C* is equipped with a graded non- degenerate symmetric 
bilinear form b. That is, we have a non-degenerate symmetric bilinear form on 
every homogeneous component C, and different homogeneous components are 
6-orthogonal. The bilinear form b will induce a non-degenerate bilinear form on 
detC*. Using P^ we obtain a non-degenerate bilinear form on det_ff(C*) which 
is called the torsion associated with C* and b. It will be denoted by Tc-fi- 

Remark 3.1. Note that a non-degenerate bilinear form on a complex line essentially 
is a non- vanishing complex number. If C* happens to be acyclic, i.e. HiC*) = 
0, then canonically det iJ(C*) = C and Tc»,b G C^ is a genuine non-vanishing 
complex number — the entry in the 1 x 1-matrix representing this bilinear form. 

Example 3.2. Suppose g G Z, n G N and A G GL„(C). Let C* denote the acyclic 

complex C" — ^ — > C" concentrated in degrees q and g+1. Let b denote the standard 
non-degenerate symmetric bilinear form on C*. In this situation we have tc- b = 

(detA)(-i)'+'2^(detAA*)(-i)'-'\ 
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The bilinear form b permits to define the transposed di of d 

dl:C*+^^C*, b{dv,w)=b{v,dlw), v,weC*. 

Define the Laplacian A^ := ddl + df^d -.0*^0*. Let us write C^(A) for the 
generahzed A-eigen space of At. Clearly, 

c*^^c;{x). (15) 

A 

Since A;, is symmetric with respect to b, different generalized eigen spaces of 
A are 6-orthogonal. It follows that the restriction of b to C^(A) is non-degenerate. 

Since Af, commutes with d and d^ the latter two will preserve the decom- 
position P^ . Hence every eigen space C^(A) is a subcomplex of C* . The inclu- 
sion CjJ'(O) — > C* induces an isomorphism in cohomology. Indeed, the Laplacian 
factors to an invertible map on C*/C^(0) and thus induces an isomorphism on 
H{C*/C;{0)). On the other hand, the equation Af, = dd^ + did teUs that the 
Laplacian will induce the zero map on cohomology. Therefore iJ(C*/C^(0)) must 
vanish and C^(0) — > C* is indeed a quasi isomorphism. Particularly, we obtain a 
canonic isomorphism of complex lines 

detH{C;{0))=detH{C*). (16) 

Lemma 3.3. Suppose C* is a finite dimensional graded complex over C which is 
equipped with a graded non-degenerate symmetric bilinear form b. Then via (|16p 
we have 

rc.,. = rc.(o),.|,.<„,-n(det'(AM))(-^)'^ 
q 
where det (At,^g) denotes the product over all non-vanishing eigen values of the 
Laplacian acting in degree q, At, g :— Ab\ci '■ C' — > C*. 

Proof. Suppose {Ci,bi) and ((72,62) are finite dimensional complexes equipped 
with graded non-degenerate symmetric bilinear forms. Clearly, H{Cl ® C|) — 
H{Cl) © iJ(C2 ) and we obtain a canonic isomorphism of determinant lines 

det H{Cl ® C2*) = det H{Cl) d) det H{C;). 

It is not hard to see that via this identification we have 

'''Cl®C^M®b2 ='''ClM®'''C2,b2- (!''') 

In view of the 6-orthogonal decomposition (|15p we may therefore w.l.o.g. assume 
ker Af, = 0. Particularly, C* is acyclic. 

Then img d n kcr di C ker d n ker d\ C ker Af, = 0. Since img d and ker d\ are 
of complementary dimension we conclude img d © ker d' = C* . The acyclicity of 
C* implies ker d\ — img d\ and hence img d © img d\ — C*. This decomposition is 
6-orthogonal and invariant under A;,. We obtain 



det'(Af,,5) = det(Af,^,) = det(Af,|c9nimgd) • det(A 



''Icnimgd*' 
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Since d : C n img rfj — > C^^ n img d is an isomorphism commuting with A 

det(A|p,^.^^g^,) = det(A|c,+inimgd)- 

A telescoping argument then shows 

n(det'(Ab,,))(-i)''' = ndet(Ab|c,nimgd)^-'^'. (18) 

q 9 

On the other hand, the 6-orthogonal decomposition of complexes 



C* = (C? n img dl ^ C«+i n img d 



together with (|17p and the computation in Example 13.21 imply 
Tc'.b = ]Jdct(dd^|c?+inimgd) 

9 

which clearly coincides with (jlSp since Afc|imgrf = ddj|imgd- D 

Example 3.4. Suppose 7^ u G C^ satisfies w*w = 0. Moreover, suppose 7^ z e C 
and set ui := zv . Let C* denote the acyclic complex C — > C — > C concentrated in 
degrees 0, 1 and 2. Equip this complex with the standard symmetric bilinear form 
b. Then Af,,o = v^v = 0, Ab,2 = ww* = 0, Af,,i = (1 + z'^)vv*, (Af,,i)2 = 0. Thus 
all of this complex is contained in the generalized 0-eigen space of A;,. The torsion 
of the complex computes to Tc*,b — —z^. Observe that the kernel of A;, does 
not compute the cohomology; that the bilinear form becomes degenerate when 
restricted to the kernel of At,; and that the torsion cannot be computed from the 
spectrum of Af,. 

Morse complex 

Let i? be a flat complex vector bundle over a closed connected smooth manifold 
M of dimension n. Suppose X = — grad (/) is a Morse-Smale vector field on 
M, see [30]. Let X denote the zero set of X. Elements in X are called critical 
points of /. Every x € X has a Morse index ind(a:) S N which coincides with 
the dimension of the unstable manifold of x with respect to X. We will write 
Xq :— {x £ X \ ind(a;) = q} for the set of critical points of index q. 

Recall that the Morse-Smale vector field provides a Morse complex C*{X; E) 
with underlying finite dimensional graded vector space 



C^iX-.E)^ ^E^®{±^}0^. 



xeXq 

Here E^ denotes the fiber of E over a;, and Ox denotes the set of orientations 
of the unstable manifold of x. The Smale condition tells that stable and unsta- 
ble manifolds intersect transversally. It follows that for two critical points of index 
difference one there is only a finite number of unparametrized trajectories connect- 
ing them. The differential in C*{X]E) is defined with the help of these isolated 
trajectories and parallel transport in E along them. 
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Integration over unstable manifolds provides a honiomorphism of complexes 

Int : n* (M; E) -> C* (X; E) (19) 

where il*{M;E) denotes the deRham complex with values in E. It is a folklore 
fact that P^ induces an isomorphism on cohomology, see [30]. Particularly, we 
obtain a canonic isomorphism of complex lines 

dctH*{M;E)^dctH{C*{X;E)). (20) 

Suppose x(Af ) — and let e £ €u[(-/Vf ; Z) be an Euler structure. Choose 
a base point xq G M. For every critical point x Cz X choose a path ax with 
cr(0) = xo and ct^(1) = a; so that e = [-X^J^xexi-'^Y'"^^'''''^^]- This is possible 
in view of Lemma l2.ll Also note that IND_x(a;) — (— 1)'"'^(^). Choose a non- 
degenerate symmetric bilinear form bxg on the fiber Exg over xq. For x Cz X define 
a bilinear form bx on Ex by parallel transport of bxo along ax- The collection 
of bilinear forms {bx}xex defines a non-degenerate symmetric bilinear form on 
the Morse complex C*{X;E). It is elementary to check that the induced bilinear 
form on det C*{X;E) does not depend on the choice of {ax}xex, and because 
x{M) = it does not depend on xo or bxo either. Hence the corresponding torsion 
is a non-degenerate bilinear form on det H {C* {X ; E)) depending on E, e and X 
only. Using (|20p we obtain a non-degenerate bilinear form on det H*{M; E) which 
we will denote by t^™x- For the following non-trivial statement we refer to [57], 
[SI or [15]. 

Theorem 3.5 (Milnor, Turaev). The bilinear form t^"^x '^''^•' '^''^ depend on X. 

In view of Theorem 13. 51 we will denote r'j^'^x by t|;°™'' from now on. 

Definition 3.6 (Combinatorial torsion). The non-degenerate bilinear form r^"™*^ on 
det H*(M] E) is called the combinatorial torsion associated with the flat complex 
vector bundle E and the Euler structure e G (£ul(M; Z). 

Remark 3.7. The combinatorial torsion's dependence on the Euler structure is 
very simple. For e G €u[(M; Z) and a G Hi{M; Z) we obviously have, see PT]) 



comb comb 

'E,i+a — ~E,t 



OEi^f 



The dependence on E, i.e. the dependence on the flat connection, is subtle 
and interesting. Let us only mention the following 

Example 3.8 (Torsion of mapping tori). Consider a mapping torus 

M ^ N X [0, l]/(:r,i)^(y(^),o) 

where ip : N ^ N is a diffeomorphism. Let tt : M ^ S^ ~ [0, l]/o~i denote the 
canonic projection. The set of vector fields which project to the vector field — ^ on 
S^ is contractible and thus defines an Euler structure e € €u[(M; Z) represented by 
[X, 0] where X is any of these vector fields. Let E^ denote the flat line bundle over 
S^ with holonomy z G C^, i.e. 6*^, : Hi{S^;Z) = Z ^ C^, 9^,{k) = z^ Consider 
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the flat line bundle E^ := tt*E^' over Af . It follows from the Wang sequence of the 
fibration tt : M ^ S^ that for generic z we will have H*{M; E^) — 0. In this case 



r|;Tf = iU^)r 



where 



ivT 



C^(z) = exp ^ str(i7*(iV; Q) ^^^^ iJ*(7V; Q) 



>fc>i 



k 



sdet(H*iN;C) "^ > H*{N 



denotes the Lefschetz zeta function of (p. Here we wrote str and sdet for the super 
trace and the super determinant, respectively. For more details and proofs we refer 
to [20] and [11]. 

Remark 3.9. Often the combinatorial torsion is considered as an element in (rather 
than a bilinear form on) det H* {M; E). This element is one of the two unit vectors 
of r'^^f'^ . It is a non-trivial task (and requires the choice of a homology orientation) 
to fix the sign, i.e. to describe which of the two unite vectors actually is the torsion 
[19j . Considering bilinear forms this sign issue disappears. 

Basic properties of the combinatorial torsion 

If El and E2 are two flat vector bundles over M then we have a canonic isomor- 
phism H*{M; El © E2) = H*{M; Ei) ® H*{M- E2) which induces a canonic iso- 
morphism of complex lines det H* (M; Ei®E2) = det H* (M; Ei)®del H* (Af ; E2). 
Via this identification we have 

comb _ comb ^ comb /n-i \ 

T^Ei®E2,t — ^Ei,t ^^E2,t ■ y^^J 

This follows from C* {X ; Ei (B E2) = C* {X ; Ei) ® C*{X;E2) and P7)l. 

If E' denotes the dual of a flat vector bundle E then Poincare duality induces 
an isomorphism H*{M;E' (g) Om) = H"^*{M;Ey which induces a canonic iso- 
morphism det H*{M; E' <g)OM) = {det H*{M; E))'^-^'>"^\ Via this identification 
we have 

^comb /'^combNf — 1)'^"^ foo^ 

^E'<g)OM,v(t) — VE,t ) l^^j 

where ly denotes the involution on €ul{M;Z) discussed in Section [2l To see that 
use a Morse-Smale vector field X to compute r|?™'^ and use the Morse-Smale 
vector field ~X to compute t^^Sq ^(^)- Then there is an obvious isomorphism of 
complexes C*{—X;E' (g) Om) = C^~*{X;E)' which induces Poincare duality on 
cohomology. 

If y is a complex vector space let V denote the complex conjugate vector 
space. If 6 is a bilinear form on V let h denote the complex conjugate bilinear form 
on V , that is h{v, w) — b{v, w). Let E denote the complex conjugate of a flat vector 
bundle E. Then we have a canonic isomorphism H*(M;E) ~ H*{M;E) which 
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induces a canonic isomorphism of complex lines det H*{M; E) — det H*{M; E). 
Via this identification we have 



comb _ _comb /'T:)"\ 



This follows from C*{X;E) = C*{X;E). 

If T^ is a real vector space we let V'^ := V (^C denote its complexification. If 
h is a. real bilinear form on V we let h denote its complexification, more explicitly 
h'^{vi (g) zi,V2 (E) Z2) = h{vi,V2)ziZ2- If F is real flat vector bundle its torsion, 
defined analogously to the complex case, is a real non-degenerate bilinear form on 
det H*{M; F). Let F^ = F®C denote the complexification of the flat vector bundle 
F. We have a canonic isomorphism H*{M;F^) = H*{M;F)'^ which induces a 
canonic isomorphism of complex lines det iJ*(M; F*') — {det H*{M;F))''^. Via 
this identification we have 

^comb /^comb\C /0/1^ 

This follows from C*{X;F^) = C*{X;F)^. Note that r^J"*^ is positive definite. 



4. Ray-Singer torsion 

The analytic torsion defined below is an invariant associated to a closed connected 
smooth manifold M, a complex flat vector bundle E over M, a coEuler structure 
e* and a homotopy class [b] of fiber wise non-degenerate symmetric bilinear forms 
on E. In the way considered below, this invariant is a non-degenerate symmetric 
bilinear form r|;"^. r^, on the complex line detiJ*(M; £'). If H*{M;E) vanishes, 
then T^^^t rjj, becomes a non-vanishing complex number. 

Throughout this section M denotes a closed connected smooth manifold of 
dimension n. For simplicity we will also assume vanishing Euler-Poincare char- 
acteristics, x{M) = 0. At the expense of a base point everything can easily be 
extended to the general situation, see [8], [11], [12] and Section [9] 

Laplacians and spectral theory 

Suppose M is a closed connected smooth manifold of dimension n. Let _E be a flat 
vector bundle over M. We will denote the flat connection of E by V^. Suppose 
there exists a fiber wise non- degenerate symmetric bilinear form b on E. Moreover, 
let g he a Riemannian metric on M . This permits to define a symmetric bilinear 
form Pg^b on the space of £'- valued differential forms U*{M; E), 

I3g.b{v,w) := j vA{-kg(g>b)w, v,w & n*{M; E). 

JM 

Here irg®b: n*{M; E) -^ 51""*(M; E' ® Om) denotes the isomorphism induced 
by the Hodge star operatoi[3*g : ^*{M; R) -^ ri"~*(Af ; Om) and the isomorphism 



^The normalization of the Hodge star operator we are using is a\ A *gCt2 = {a\,a2)g^g, where 
cHi "2 G f!(Af ; M), Q,g g n"(M; Om) denotes the volume density associated with g, and (ai, 02)9 
denotes the inner product on A*T*M induced by g, see |23l Section 2.1]. Although we will 
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of vector bundles b : E ^ E' . The wedge product is computed with respect to the 
canonic pairing of i? (8) £" ^ C 

Let ds ■■ fl*{M;E) -> n*+'^{M;E) denote the deRham differential. Let 

d^^^^,:n*+\M;E)^n*{M;E) 

denote its formal transposed with respect to Pg^t- A straight forward computation 
shows that d|;_g_j, : ff^iM- E) ^ rj9-i(M; E) is given by 

A..g,b = (-1)"^ ® b)-^ ° dE'^OM ° K «) b). (25) 

Define the Laplacian by 

^E,gM :== dE o dl^gf, + dl^gj, o dE- (26) 

These are generalized Laplacians in the sense that their principal symbol coincides 
with the symbol of the Laplace-Beltrami operator. 

In the next proposition we collect some well known facts concerning the 
spectral theory of /!^E,g,b- For details we refer to [32], particularly Theorems 8.4 
and 9.3 therein. 

Proposition 4.1. For the Laplacian lS.E,g.b constructed above the following hold: 
(i) The spectrum of l^E,g,b is discrete. For every 9 > all but finitely many 
points of the spectrum are contained in the angle {z € <C \ —9 < arg(z) < 9}. 
(ii) // A is in the spectrum of AE,g.b then the image of the associated spectral 
projection is finite dimensional and contains smooth forms only. We will 
refer to this image as the (generalized) X-eigen space of l^E.gfi o,nd denote it 
by n*gf,{M;E){\). There exists Nx^N such that 

{AE,g,b - A)^^|o- JA/;B)(A) = 0. 

We have a AE^g.b- invariant (3 gj,- orthogonal decomposition 

nUM; E) - ni,{M- E){\) ® a*JM- E){\)^^.^^ . (27) 



The restriction of AE.g.b — X to Q* ^^{M; E){X) ^''s,'' is invertible. 
(iii) The decomposition (P7)) is invariant under ds and d^ ,. 
(iv) For X^ jjL the eigen spaces Q.* i,{M; E){X) and fl* i,{M; E){p) are orthogonal 

with respect to Pg^b- 

In view of Proposition 14.11 the generalized 0-eigen space fl* f^{M; E){0) is a 
finite dimensional subcomplex of fl*{M; E). The inclusion 

ni^,{M-Em^n*{M-E) (28) 

induces an isomorphism in cohomology. Indeed, in view of Proposition I4.1[pl| the 
Laplacian As.g.b induces an isomorphism on Vt* j(Af ; E)/Vt* ^{M; E){0) and thus 
an isomorphism on H{n*f,{AI]E)/fl*f,{M;E){0)). On the other hand ^ tells 



frequently refer to [T] in the subsequent sections, the convention for the Hodge star operator we 
are using differs from the one in [l]. 



L/J 



S.b 
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that AE,g,b induces on cohomology, hence i/(ri* (,(Af ; i?)/r2* ^(M; _E)(0)) must 
vanish and (j28p is indeed a quasi isomorphism. We obtain a canonic isomorphism 
of complex Unes 

detH{nii,{M:E){0)) = dct H*{M;E). (29) 

In view of Proposition llTTlp I)) the bihnear form /3g^b restricts to a non-degener- 
ate bihnear form on fi* f,(M; £')(0). Using the hnear algebra discussed in Section[3] 
we obtain a non-degenerate bihnear form on det i?(0* ^(M; i?)(0)). Via ([^ this 
gives rise to a non-degenerate bilinear form on det H*{M; E) which will be denoted 

Let /S.E,g^b,q denote the Laplacian acting in degree q. Define the zeta regular- 
ized product of its non- vanishing eigen values, as 

det'(A£,g,,,,) :=exp ('-^[^^ tr((AB,g,b,,|r!^ ,(M; £;)(0)- 

Here the complex powers are defined with respect to any non-zero Agmon angle 
which avoids the spectrum of /^E.g,b,q\^'i b(-^^; -E')(0) '^"•^ , see Proposition 14. lip ]) . 
Recall that for ^{s) > n/2 the operator {AE,g,b,q\^l^bi^I;E){0)-^''!i^''y is trace 
class. As a function in s this trace extends to a meromorphic function on the 
complex plane which is holomorphic at 0, see [31] or [35J Theorem 13.1]. It is clear 
from Proposition 14 . 1 [ p]) that det'{AE,g,b,q) does not depend on the Agmon angle 
used to define the complex powers. 

Assume xi^) = and suppose a e i7"^^(M; Oj^) such that da = e{g). 
Consider the non-degenerate bilinear form on det H*{M;E) defined by, cf. (j4|), 

rl,\b,c. ■■= r^^m ■ n(det'(As,,,,,,))<-')'^ • exp(-2 / u^E.b A a 

q ^ JM 

In Section [6] we will provide a proof of the following result which can be 
interpreted as an anomaly formula for the complex valued Ray-Singer torsion ([1]) . 

Theorem 4.2 (Anomaly formula). Let M be a closed connected smooth manifold 
with vanishing Euler-Poincare characteristics. Let E he a flat complex vector bun- 
dle over M . Suppose g^ is a smooth one-parameter family of Riemannian met- 
rics on M, and a„ G r2"~^(M; Oj^) is a smooth one-parameter family so that 
[gm Oiu] represent the same coEuler structure in €u[*(Af ; C). Moreover, suppose 6„ 
is a smooth one-parameter family of fiber wise non- degenerate symmetric bilinear 
forms on E. Then, as bilinear forms on det H*{M; E), we have ^^1;" ^^ ^^^ = 0. 

In view of Theorem 14.21 the bilinear form r™ j^ ^ does only depend on the 
flat vector bundle E, the coEuler structure e* S <£ul*{M;C) represented by (<?, a), 
and the homotopy class [b] of b. We will denote it by t|,"^, ,j^, from now on. 

Definition 4.3 (Analytic torsion). The non-degenerate bilinear form t™^, ry on 
det _ff*(A/; _E) is called the analytic torsion associated to the flat complex vector 
bundle E, the coEuler structure e* G 2;u[*(Af;C) and the homotopy class [b] of 
fiber wise non-degenerate symmetric bilinear forms on E. 
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Remark 4.4. The analytic torsion's dependence on the coEuler structure is very 
simple. For e* G eul*{M;C) and f3 £ H"^~^{M;Oli) we obviously have: 

T-an _ _an { {[uiE.i,]up..[M])^ 

^E,t'+I3,[b] — ^E,t',[b] [y 

Here {[ujE,b] U /3, [M]) e C denotes the evaluation of [ujE^b] U /3 G i/"(M; Oli) on 
the fundamental class [M] £ Hn{M:OM)- 

Remark 4.5. Recall from Section [5] that for odd n there is a canonic coEuler 
structure t*^^^ £ 2;u[*(A/;C) given by t*^^-^ — [g,Q\. The corresponding analytic 
torsion is: 

Q 

Note however that in general this does depend on the homotopy class [b], see for 
instance the computation for the circle in Section [5] below. This is related to the 
fact that e*a^,j in general is not integral, cf. Remark lS. 31 below. 



Basic properties of the analytic torsion 

Suppose El and E2 are two flat vector bundles with fiber wise non-degenerate 
symmetric bilinear forms 61 and 62- Via the canonic isomorphism of complex lines 
det H*{M; Ei © E2) = det H*{M; Ei) (g> det H*{M; E2) we have: 

'''I;"e-B2,c*,[6iefc2] ^ '''sl^f.Xbi] ®'''El.t*,[b2] (^O) 

For this note that via the identification Vl* {M; Ei®E2)^Q.* [M; Ei)®Vl* (M; E2) 
we have AEi®E2,gM®b2 = ^£1,3,61 © ^£2,3,62 ^ hence det' {/^Et<siE2.^gM®b2,q) = 
del' [l^Ei,gM.q)^^^' {^E2,gM,q)- Moreover, recall ([7]) for the correction terms. 

Suppose E' is the dual of a flat vector bundle E. Let h' denote the bilinear 
form on E' dual to the non-degenerate symmetric bilinear form h on E. The bilin- 
ear form b' induces a fiber wise non-degenerate symmetric bilinear form on the flat 
vector bundle E' ® Om which will be denoted by h' too. Via the canonic isomor- 
phism of complex lines det H*{M; E' (g) Om) = (det H*{M; £;))(-i)"^' induced by 
Poincare duality we have 

^E'®OM,v(^'),[b'] - \jE,t'.\b]) \'^^) 

where v denotes the involution introduced in Section [2] This follows from the 
fact that i^g®b : n''{M;E) -^ f7""'?(M;£;' ® Om) intertwines the Laplacians 
^E,g,b,q and AE'0OM,g,b',n-q, scc (US]). Therefore /^E,g,b,q and AE'®c>„,g,&',«-g 
are isospectral and thus dei' {/S.E,g,b,q) = f^^i' {l^E'®OM:g,b' ,n-q)- Here one also has 
to use n5(det'(A£,5,b,g))^"^^' = 1, and dH). 

Let E denote the complex conjugate of a flat vector bundle E. Let h denote 
the complex conjugate of a fiber wise non-degenerate symmetric bilinear form on 
E. Via the canonic isomorphism of complex lines det_ff*(M;iJ) = det H*{M]E) 
we obviously have 
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where e* <—> e* denotes the complex conjugation of coEuler structures introduced in 
Section[21 For this note that ^E,g.b = ^E,g,b but the spectrum of ^E,g,b is complex 
conjugate to the spectrum of ^E,g,b and thus det'(A^^ 5 ,j) — dei' {l^E,g,b,q)- Also 
recall ^. 

Suppose F is a flat real vector bundle over M. Let e* G C;u[(Af;R) be a 
coEuler structure with real coefficients. Let /i be a fiber wise non-degenerate sym- 
metric bilinear form on F. Proceeding exactly as in the complex case we obtain 
a non-degenerate bilinear form t^^ r^, on the real line AetH*{M\F). Note that 
although the Laplacians ^F,g,h need not be selfadjoint their spectra are invariant 
under complex conjugation and hence dei' {/!^F.g,h,q) will be real. Let F'^ denote 
the complexification of the flat bundle F, and let hP denote the complexification of 
h, a non-degenerate symmetric bilinear form on F . Via the canonic isomorphism 
of complex lines det H*{M; F^) = (det 7?*(M; F))"^ we have: 



'^j^c J. r/jci - (T|."e*,[h]) (33) 



For this note that via Vl*{M; F^) = n*{M; F)'^ we have A^Cg ^^c = {AF.g,h)^ and 
thus det'{AFC^g^hf:,q) = det'{AF,g,h,q), and also recall ^U^. If n is odd, H*{M; F) = 
0, and if h is positive definite, then r^". r^, is the square of the analytic torsion 
considered in [25], see Remark 14.51 

Remark 4.6. Not every flat complex vector bundle E admits a fiber wise non- 
degenerate symmetric bilinear form b. However, since E is flat all rational Chern 
classes of E must vanish. Since M is compact, the Chern character induces an 
isomorphism on rational iiT-theory, and hence E is trivial in rational iiT-theory. 
Thus there exists N € N so that E^ = E ® ■ ■ ■ ® E is a trivial vector bundle. 
Particularly, there exists a fiber wise non-degenerate bilinear form b on E^ . In 

view of ((30l) the non-degenerate bilinear form (t^n ^* ry) on det H*{M; E) is a 
reasonable candidate for the analytic torsion of E. Note however, that this is only 
defined up to a root of unity. 

Rewriting the analytic torsion 

Instead of just treating the 0-eigen space by means of finite dimensional linear 
algebra one can equally well do this with finitely many eigen spaces of AE.g.b- 
Proposition 14.71 below makes this precise. We will make use of this formula when 
computing the variation of the analytic torsion through a variation of g and b. This 
is necessary since the dimension of the 0-eigen space need not be locally constant 
through such a variation. Note that this kind of problem does not occur in the 
selfadjoint situation, i.e. when instead of a non-degenerate symmetric bilinear form 
we have a hermitian structure. 

Suppose 7 is a simple closed curve around 0, avoiding the spectrum of AE^g,b- 
Let fi* f,(M; E){'-^) denote the sum of eigen spaces corresponding to eigen values in 
the interior of 7. Using Proposition 14 . II we see that the inclusion fi* f,(M; E){'j) -^ 
n*{M; E) is a quasi isomorphism. We obtain a canonic isomorphism of determinant 
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lines 

detH{nif,{M ;£){-/)) = det H*{M; E). (34) 

Moreover, the restriction of Pg^b to fi* ^(Af ; £')(7) is non-degenerate. Hence the 
torsion provides us with a non-degenerate bilinear form on det H{il.* ^(M; E){'y)) 
and via ((34)) we get a non-degenerate bilinear form T|;"g,,(7) on det H*{M;E). 
Moreover, introduce 

det^(As,,,,,,) :=exp (^-^[^^tr((As,g,,,,|f7^^,(A/;ii;)(7)^''-0~')) ' 
the zeta regularized product of eigen values in the exterior of 7. 
Proposition 4.7. In this situation, as bilinear forms on det H*{M; E), we have: 

^ll^(O) ■ Ui^et'iAE,g,t,,)y-'^^' = r|"^,,(7) ' l[{det'^{AE,g^t,,)Y''^^' 
Q q 

Proof. Let C* C Q* ,{M;E){-f) denote the sum of the eigen spaces of AE,g,b 
corresponding to non-zero eigen values in the interior of 7. Clearly, for every q we 
have 

det'(A£;,g,b^,) = det{AE.^g,b,q\ci) ■ det'^{AE,g,b,q)- 
Particularly, 

n(det'(A^,,,,,,))^-^)'' = n(det(A^,,,,,,|cO)*"'^"' ' UidefiAE^g^b^q))^-'^'' . 
q q q 

(35) 
Applying Lemma 13.31 to the finite dimensional complex f7* ^(A/; E){'-/) we obtain 

rh':g,bh) = Tl^^gAO) ■ l[{det{AE,g,b,q\c^)Y''^'' (36) 

q 
Multiplying (|55)) with t'^^ ,^(0) and using (|55|) we obtain the statement. D 

5. A Bismut-Zhang, Cheeger, Miiller type formula 

The conjecture below asserts that the complex valued analytical torsion defined 
in Section 3] coincides with the combinatorial torsion from Section [3] It should be 
considered as a complex valued version of a theorem of Cheeger (THl [TT] , Miiller 
pg] and Bismut-Zhang [5]. 

Conjecture 5.1. Let M be a closed connected smooth manifold with vanishing 
Euler-Poincare characteristics. Let E be a flat complex vector bundle over M , 
and suppose b is a fiber wise non- degenerate symmetric bilinear form on E. Let 
e S £u[(Af ; Z) be an Euler structure. Then, as bilinear forms on the complex line 
det H*{M;E), we have: 

comb _aii 

Here we slightly abuse notation and let P also denote the composition Q;ul(Af ; Z) — > 
€u[(Af;C) A €ur(A/;C), see SecUon\E 
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We will establish this conjecture in several special cases, see Remark I5.8[ 
Theorem I5.10[ Corollary I5.13[ Corollary 15.141 and the discussion for the circle 
below. Some of these results have been established by Braverman-Kappeler [7] 
and were not contained in the first version of this manuscript. The proofs we 
provide below have been inspired by a trick used in [T but do not rely on the 
results therein. 

Remark 5.2. If Conjecture 15.11 holds for one Euler structure e S (Bul{M;Z) then 
it will hold for all Euler structures. This follows immediately from Remark 14.41 
Remark 13 . 71 and Lemma [ 



Remark 5.3. If Conjecture 15.11 holds, and if e* G £u[*(M;C) is integral, then 
^bV [bl ^^ independent of [b]. This is not obvious from the definition of the analytic 
torsion. 

Remark 5.4. If Conjecture O holds, e £ (Su[(A/; Z) and e* € (Bul*{M;C) then: 

_comb _ an . / ([t^B,,]u(P(c)-c*),[M]) ^ ^ 

This follows from Remark 14.41 

Remark 5.5. If Conjecture l5.1l holds. and e* S (£ur(M;C), then t^^, ,j, does only 
depend on E, e* and the induced homotopy class [det b] of non-degenerate bilinear 
forms on detE. This follows from Remark 15.41 and the fact that the cohomology 
class [(^E,b] does depend on det E and the homotopy class [det b] on det E only, see 
Section [i 

Relative torsion 

In the situation above, consider the non-vanishing complex number 

an 
^E,c.[b] — comb •= ^ • 

It follows from Remark l4.41 Remark l3.7l and Lemma [2T2l that this does not depend 
on e G £u[(M;Z). We will thus denote it by SE^[b]- The number SE,[b] will be 
referred to as the relative torsion associated with the flat complex vector bundle 
E and the homotopy class [b]. Conjecture 15.11 asserts that SE,[b] ~ 1- 

Similarly, if F is a real flat vector bundle over M equipped with a fiber wise 
non-degenerate symmetric bilinear form h, we set 

^an 

where e € (£ul(M; Z) is any Euler structure. The combinatorial torsion r™"* and 
the analytic torsion Tp^pu\ r^ on det iJ*(M; F) have been introduced in Sections[3] 
and m respectively. It follows via complexification from the corresponding state- 
ments for complex vector bundles that this does indeed only depend on F and the 
homotopy class of h, see (|24l) and (I55)) . 
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Remark 5.6. If F is a flat real vector bundle equipped with a positive definite sym- 
metric bilinear form h, then the Bismut-Zhang theorem ^ Theorem 0.2] asserts 
that Sp[h] = 1. This follows from the formula in Proposition 15.111 below (applied 
to a simple closed curve whose interior contains the eigen value only) which, via 
complexification, provides an analogous formula for flat real vector bundles. For 
the relation of the first factor in this formula with the statement in [^ Theorem 0.2] 
see (1451). 



Proposition 5.7. The following properties hold: 

(i) SEi(BE2,[bi(Bb2] = ^Ei.lbi] '^B^Jb^] 
(ii) SE'(g,OM ,lb'] = {SE,[b]Y-^^^ 

(iii) ^E.lb] = ^E.lb] 
(iv) Spc^ihC] = Sp^ih] 

Proof. This follows immediately from the basic properties of analytic and combi- 
natorial torsion discussed in Sections [3] and ID For (ju]) and ((iii)l one also has to use 
Piiy{e)) = HP{c)) and ^(0 = P(e), see Section^ D 

Remark 5.8. Proposition l5.7lpH) permits to verify Conjecture 15. li up to sign, for 
even dimensional orientable manifolds and parallel bilinear forms. More precisely, 
let M be an even dimensional closed connected orientable smooth manifold with 
vanishing Euler-Poincare characteristics. Let E he a flat complex vector bundle 
over M and suppose & is a parallel fiber wise non-degenerate symmetric bilinear 
form on E. Let e G €ul{M; Z) be an Euler structure. Then 

i.e. in this situation Conjecture 15.11 holds up to sign. To see this, note that the 
parallel bilinear form b and the choice of an orientation provides an isomorphism 
of flat vector bundles b : E ^ E' (^ Om which maps h to b' . Thus Se'^OmAv] — 
Sem- Combining this with Proposition 15. 7tpT)) we obtain {SemY — 1; ^^^ hence 
(157)) . Note, however, that in this situation the arguments used to establish ([5T|) 
immediately yield 

n(dct'(A^,,,,,,))(-^)''=i. 



Corollarv l5. 91 below has been established by Braverman and Kappeler see [71 
Theorem 5.3] by comparing t'^pu) \b] "^it^ their refined analytic torsion, see [71 
Theorem 1.4]. We will give an elementary proof relying on Proposition 1 5 . 71 and a 
trick similar to the one used in the proof of Theorem 1.4 in W\. 

Corollary 5.9. Let M be a closed connected smooth orientable manifold of odd 
dimension. Suppose E is a flat complex vector bundle over M equipped with a 
non- degenerate symmetric bilinear form b. Let e* G 2;u[*(M;C) be an integral 
coEuler structure. Then, up to sign, r™ , ,y is independent of [b], cf Remark \5.3[ 
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Proof. It suffices to show {SE.[b])'^ is independent of [b]. The choice of an orientation 
provides an isomorphism of fiat vector bundles E' = E'®Om from which we obtain 

SE'.\b'] = SEi^OM,[b'] = '5b, [h] 

where the latter equality follows from Proposition 15. 7l[iil) . Together with Proposi- 
tion [5?7l(i| we thus obtain 

{SE,[b]) — SE,[b]- SE'\b'\— SE®E',[b®b']- (38) 

Observe that on E ® E' there exists a canonic (independent of h) symmetric non- 
degenerate bilinear form 6can defined by 

This bilinear form 6can is homotopic to b (S b' , and thus 

SE(BE',[b®b'] ^ SE®E',[b,^,,]- 

Hence SEQE',[be>b'] does not depend on [b]. In view of ([55]) the same holds for 
{SE,[b])'^, and the proof is complete. 

To see that b®b' is indeed homotopic to 6can let us consider b as an isomor- 
phism b : E ^ E' . For t G M consider the endomorphisms 

$, : end(£;©£;'), ^t := {'t-nT 7d,"ct/) 

From ^t+s — ^t^s we conclude that every $t is invertible. Consider the curve of 
non-degenerate symmetric bilinear forms 

6t:=$:6ca„, 5t(Xi,X2)=6can($tXi,$tX2), Xi.X2eE®E'. 

Then clearly 60 = fecan- An easy calculation shows 6^/4 = 6® (—6'). Clearly, 6©(— 6') 
is homotopic to 6 ® 6'. So we see that 6can is homotopic to 6 © 6'. D 

Using a result of Cheeger [TBI Hi] i Miiller [28] and Bismut-Zhang [2] we will 
next show that the absolute value of the relative torsion is always one. In odd di- 
mensions this has been established by Braverman and Kappeler, see Theorem 1.10 
in [7] . We will again use a trick similar to the one in [7] . 

Theorem 5.10. Suppose M is a closed connected smooth manifold with vanishing 
Euler-Poincare characteristics. Let E be a flat complex vector bundle over M 
equipped with a non- degenerate symmetric bilinear form b. Then \SE,[b]\ = 1- 

Proof. Note first that in view of Proposition I5.7tpli| and j!]) we have 

\SE,[b\\ = SE,[b\- SE^[b]^ Seise, [b®b]- (39) 

Set k := ranki?, and observe that b provides a reduction of the structure group of 
E to Ofc(C). Since the inclusion Ofe(K) C Ofe(C) is a homotopy equivalence, the 
structure group can thus be further reduced to Ofc(R). In other words, there exists 
a complex anti-linear involution v : E —f E such that 

v = id^;, b{vx^y) =b{x,vy), b[x,ux)>Q, x,y £ E. 
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Then 

^ : E ® E ^ <C, ^{x, y) :— b{x, vy) 

is a fiber wise positive definite Hermitian structure on E, anti-linear in the second 
variable. Define a non-degenerate symmetric bilinear form 6^ on _E © E^ by 

&^((a;i,yi), {x2,y2)) ■= ^(2^1,2/2) + Kx2,yi)- 

We claim that the symmetric bilinear form b^ is homotopic to 5 5. To see this, 
consider v : E -^ E as a. complex linear isomorphism. For t g M, define 

$t e end(£; ® E), $t := f "^^ ™f -f^ "'"* \ 

From $t+s = ^t^s we conclude that every $( is invertible. Consider the curve of 
non-degenerate symmetric bilinear forms 

5t:=$:6^, ht{Xl,X2) = b^'{<^tXl,<^tX2), Xi,X2 €E®E. 

Clearly, 60 = b^. An easy computation shows 6,^/4 — b (B (—6). Since b ® {—b) is 
homotopic to 6 © 6 we see that 6'^ is indeed homotopic to b®b. Together with (IHS)) 
we conclude 

Next, recall that there is a canonic isomorphism of flat vector bundles 

tp : E^ = EQ) E, 'ip{x + iy) := {x + iy,x~iy), x,y e E. 

Consider the fiber wise positive definite symmetric real bilinear form h := 5R/i on 
E^, the underlying real vector bundle. Its complexification h is a non-degenerate 
symmetric bilinear form on E . A simple computations shows -0*6^ = 2ft, . To- 
gether with (POJ) we obtain 

I'5b,[6]| = SEC^2hf: = SEii,2h 

where the last equation follows from Proposition 15. 7tpv)) . The Bismut-Zhang the- 
orem [2t Theorem 0.2] asserts that iS^it^2/i — 1j see Remark \^M and the proof is 
complete. D 

Analyticity of the relative torsion 

In this section we will show that the relative torsion SE,[b] depends holomorphically 
on the flat connection, see Proposition 15.121 below. Combined with Theorem 15. 101 
this implies that Sem is locally constant on the space of flat connections on a 
fixed vector bundle, see Corollarv l5. 131 below. We start by establishing an explicit 
formula for the relative torsion, see Proposition [5TTl] 

Suppose / : Ci — > C2 is a homomorphism of finite dimensional complexes. 
Consider the mapping cone Cj"^ © C* with differential {'^ I^j- If C^ and C2 
are equipped with graded non-degenerate symmetric bilinear forms 61 and 62 we 
equip the mapping cylinder with the bilinear form 62 © t*!. The resulting tor- 
sion t(/, 61,62) :— T(^.-i^(-j. ^ ggj is called the relative torsion of /. It is a non- 
degenerate bilinear form on the determinant line det H{C2^^ © C*). Recall that if 



24 Dan Burghelea and Stefan Haller 

/ is a quasi isomorphism then 6*2" (B C^ is acychc and 

(detg(/))(rc>,,J 
T{f, bi,b2) = (41) 

where dct H{f) : det H{Cl) — > detiJ(C2) denotes the isomorphism of complex 
hnes induces from the isomorphism in cohomology H{f) : H{Cl) -^ if (C2). 
Let us apply this to the integration homomorphism 

lnt:ni,{M-E){-i)^C*{X-E) (42) 

where the notation is as in Proposition l4.7l Equip Vt* ^(M; E){'~f) with the restric- 
tion of /3g_b, and equip C*{X; E) with the bilinear form b\x obtained by restricting 
h to the fibers over X . Since (j42p is a quasi isomorphism the mapping cylinder is 
acyclic and the corresponding relative torsion is a non- vanishing complex number 
we will denote by 



-{ni,{M-E){^)'^Cl{X;E))^'C> 



Proposition 5.11. Let M he a closed connected smooth manifold with vanishing 
Euler-Poincare characteristics. Let E he a flat complex vector bundle over M . Let 
g be a Riemannian metric, and let X he a MorseSmale vector field on M . Suppose 
b is a fiber wise non- degenerate symmetric bilinear form on E which is parallel in 
a neighborhood of the critical points X . Moreover, let ^ be a simple closed curve 
around which avoids the spectrum of AE,g,b- Then: 

SE,[b] = r(nik{M;E){^) ^ CtiX-E) 

■ r[(det^(A£,,.b,,))*"'^'' • exp(-2 / loem A {-X)*M'ig) 

q ^ JM\X 

The integral is absolutely convergent since uJE.b vanishes in a neighborhood of X . 

Proof. Let xq G M be a base point. For every critical point x € X choose a path (7^ 
with ax{0) = xq and ax{l) = x. Set c := X^seA'C"-'^)"^'^^^'''^^; and consider the Euler 
structure e :~ [—X,c] E £u[(i\f;Z). For the dual coEuler structure P{t) = [g,a] 
we have, see ([3]), 

tOE.bA{{-Xy^'{g)-a)= fu;E,b- (43) 

M\X Jc 

Let bxg denote the bilinear form on the fiber E^q obtained by restricting b. 
For a; € A" let bx denote the bilinear form obtained from bxg by parallel transport 
along ax. Let &detc*(Jf;_E) denote the induced bilinear form on detC*(X;£'). This 
is the bilinear form used in the definition of the combinatorial torsion. We want 
to compare it with the bilinear form 6dctc*(X;_E) on detC*(X;£') induced by the 
restriction b\x of b to the fibers over X. A simple computation similar to the proof 
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of Lemma 12.21 yields 

bdctC'{X;E} = expi^2 / ujE,bj ■ bdctC'(X;E)- (44) 

Let TQ*rx;E),b\x denote the non-degenerate bilinear form on det H*{M; E) 
obtained from the torsion of the complex C*{X;E) equipped with the bilinear 
form b\x via the isomorphism dctH*{M:E) = dei H{C*{X-,E)), sec (dH) and 
(PU]). Then, using gj), 



^ta.bi-f) 



T(ni,iM;E){^)^Ct{X;E)). (45) 

TC'{X-E)Mx ^ ' 

Moreover, (|1^ implies 



^comb ^ 

'^B,c — ^C'{X;E),h\? 



,|^ •exp(2 / <^E,h\- (46) 

From Proposition 14. 71 we obtain 

^^"p(e).m = ^^",,^(7) • n(det''(^s.s^M))^"'^'' ■ exp(-2 / uje,, A a). (47) 

Combining (|^5|) , (|l5)l , (|15)) and (H7|) we obtain the statement of the proposition. D 

Consider an open subset C/ C C and a family of flat complex vector bundles 
{E^}zeu- Such a family is called holomorphic if the underlying vector bundles are 
the same for all z G U and the mapping z i— > V^ is holomorphic into the affine 
Frechet space of linear connections equipped with the C°°-topology. 

Proposition 5.12. Let M be a closed connected smooth manifold with vanishing 
Euler-Poincare characteristics. Let {E^^zeU be a holomorphic family of flat com- 
plex vector bundles over M , and let b^ be a holomorphic family of fiber wise non- 
degenerate symmetric bilinear forms on E^ . ThenS^^ m^] depends holomorphically 

on z. 

Proof. Let X be a Morse-Smale vector field on M . Let g be a Riemannian metric 
on M . In view of Theorem l4.2l we may w.l.o.g. assume V^ &^ = in a neighborhood 
of X . W.l.o.g. we may assume that there exists a simple closed curve 7 around 
so that the spectrum of /^E',g,b^ avoids 7 for all z E U. From Proposition 15 . Ill we 
know: 

5^.,[,.] = r(f7;,4M;£;^)(7) ^ C;.{X;E^)) 

■ IKdefiAE^^gM,,))^''^'' ■ exp(-2 / a;^.,,. A {-Xy^ig)) 

q J M\X 

Since l^E'',g,b^ depends holomorphically on z, each of the three factors in this 
expression for SE'\b'] will depend holomorphically on z too. D 

In odd dimensions the following result has been established by Braverman 
and Kappeler, see Theorem 1.10 in [7j. 
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Corollary 5.13. Let M be a closed connected smooth manifold with vanishing Euler- 
Poincare characteristics. Let E be a complex vector bundle over M , and let b be 
a fiber wise non- degenerate symmetric bilinear form on E. Then the assignment 
V HH' 5(£;,v),[6] Js locally constant, and of absolute value one, on the space of flat 
connections on E. 

Proof. Note that in view of Theorcm lS.lOl and Proposition l5.12l the relative torsion 
SiE.W),[b] is constant along every holomorphic path of flat connections z i— > V^ 
on E. Moreover, note that two flat connections, contained in the same connected 
component, can always be joined by a piecewise holomorphic path of flat connec- 
tions. D 

Using the Bismut-Zhang, Cheeger, Miiller theorem again, we are able to 
verify Conjecture 15.11 for flat connections contained in particular connected com- 
ponents of the space of flat connections on a fixed complex vector bundle. More 
precisely, we havqj 

CoroUairy 5.14. Let M be a closed connected smooth manifold with vanishing Euler- 
Poincare characteristics. Let (i^, V^) be a flat real vector bundle over M equipped 
with a fiber wise Hermitian structure h. Let {E, V^) denote the flat complex vector 
bundle obtained by complexifying (i^, V^), and let b denote the fiber wise non- 
degenerate symmetric bilinear form on E obtained by complexifying h. Then, for 
every flat connection V on E which is contained in the connected component of 
V"^, we have S(^E,v).[b] — 1- 

Proof. In view of CoroUarv 15.131 it suffices to show S(^E,v'!^),[b] = 1- From Propo- 
sition [5T7l|iv| we have S(E,v'^),[b] = S(F,v'^),[h]- In view of [H Theorem 0.2], see 
Remark 15.61 we indeed have 5(i? v^),[/i] — Ij ^^id the statement follows. D 

The circle, a simple explicit example 

Consider M :— S^. In this case it is possible to explicitly compute the combina- 
torial and analytic torsion, see below. It turns out that Conjecture 15. II holds true 
for every flat vector bundle over the circle. 

We think of 5^ as {z G C | \z\ = 1}. Equip S^ with the standard Riemannian 
metric g of circumference 27r. Orient S^ in the standard way. Let 9 denote the 
angular 'coordinate'. Let -^ denote the corresponding vector fleld which is of 
length 1 and induces the orientation. For the dual 1-form we write d9. 

Let fc G N and suppose a G C°°(S'^,g[j.(C)). Let E"' denote the trivial vector 
bundle S^ x C*^ equipped with the flat connection V = -3g + a. Here and in what 
follows we use the identifications n°{M;E'') = C°°{S^;C'') = n^{M;E'') where 
the latter stems from the global coframe d9. 

Let b G C°°{S^, Sym^ (C)) where Sym^ (C) denotes the space of complex non- 
degenerate symmetric k x fc-matrices. We consider 6 as a fiber wise non-degenerate 



^In a recent preprint 22 R.-T. Huang verified a similar statement for flat connections whose 
connected component contains a flat connection which admits a parallel Hermitian structure. 
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symmetric bilinear form on E"'. For the induced bilinear form on il.*{S^;E°') we 
have: 

Pg^{v,w)= f v%wd9, v,wen"{S^;E'') = C°°{S\C'') 

I3gi,{v,w)= f v%wde, v,w£n\S^;E'')^C°°{S\C'') 

A straight forward computations yields: 

f^B" = ae + ^ 
d%^,,,t = -m-b''b' + b-Wb 

+ ((6-ia*&)' - {b-^y - ab-^b' + ab-^a%) 
b-^V b = b-H' -b-^a%-a 

ujEa^,, = -i tr(6-i5' - b-^a^b - a)de = -\{lT:{b-^b') ~2ii{a))de 

Here b' := -^b and a' := ^a. 

Let us write A G GL^ (C) for the holonomy in £■" along the standard generator 
of 7ri(S'^). Recall that det A = exp(/^i tr(a)rf0). Using the expUcit formula in ^21 
Theorem 1] we get: 

det(ABa,g,6.i) = i"' exp(i / tr(i(6-ia*fo - 5-15' - a))d^) dot (l - ( -4^"' ;, 
= exp('i f tr{b'^b')d9]det{A-lfdctA-^ 
= exp(- I {tv{b-^b')-2ii{a))de\det{A-lf 



Consider the Euler structure e := [—^,0] S £u[(5'^;Z), and the coEuler 
structure e* := [g, \] G (£ur(5^C). Then P(e) = e*, see ^. Assuming acyclicity, 
i.e. 1 is not an eigen value of ^, we conclude: 

^^",c-,M=det(A-l)-2. (48) 

Observe that this is independent of [&], cf. Remark l5.3l 

Considering a Morse-Smale vector field X with two critical points and the 
Euler structure e we obtain a Morse complex C*{X] E"") isomorphic to 

equipped with the standard bilinear form. From Example 13.21 we obtain 

r™"f = det(^-l)-2 
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which coincides with (l48l). So we see that Tp°™'' ~ rS," ,, rn, i-e. 5^0 ri,i — 1 



whenever E°- is acychc. From Proposition 15. 121 we conclude SE<^,\b\ = 1 for all, not 
necessarily acyclic, E"". Thus Conjecture 15.11 holds for M = S^. 

Remark 5.15. Recall the canonic coEuler structure e*^^ = [<?, 0] defined as the 
unique fixed point of the involution on 2;u[*(S'^; C), see Section[21 Note that e*^^^ is 
not integral. The computations above show that for the analytic torsion we have 



r^a,ej^„,[b] = sib] det^det(^ - 1 
where 



,-2 



exp(-^^trrifo'))e{±l} 



S[b] 

does depend on b. Note that this sign S[b] appears, although we consider the torsion 
as a bilinear form, i.e. we essentially consider the square of what is traditionally 
called the torsion. 

On odd dimensional manifolds one often considers the analytic torsion with- 
out a correction term, i.e. one considers r™ , ,y. Let us give two reasons why 
this is not such a natural choice as it might seem. First, the celebrated fact that 
the Ray-Singer torsion on odd dimensional manifolds does only depend on the flat 
connection, is no longer true in the complex setting as the appearance of the sign 
S[f,] shows. Of course a different definition of complex valued analytic torsion might 
circumvent this problem. More serious is the second point. One would expect that 
the analytic torsion as considered above is the square of a rational function on the 
space of acyclic representations of the fundamental group. As the computation for 
the circle shows, this cannot be true for r|,"j, ry, simply because Vdet A cannot 
be rational in A G GLfe(C). Any reasonable definition of complex valued analytic 
torsion will have to face this problem. 

If one is willing to consider r™ , rj^, where e* is an integral coEuler structure 
both problems disappear, assuming E admits a non-degenerate symmetric bilin- 
ear form and Conjecture 15.11 is true. Then t|,"^, ,j, is indeed independent of [b], 
see Remark 15.31 and the dependence on e* is very simple, see Remark 14.41 More 
importantly, t^^, r^, is the square of a rational function on the space of acyclic 
representations of the fundamental group. This follows from the fact that t^™^ 
with P(e) = e* is the square of such a rational function, see [TT] . 



6. Proof of the anomaly formula 

We continue to use the notation of Section |4l The proof of Theorem 14.21 is based 
on the following two results whose proof we postpone till Section [S] 

Proposition 6.1. Suppose (p £ r(end(i?)). Then 

LIMstr(0e"*'^^-''-') = / tr{<j>)e{g). 
*^o Jm 
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Here LIM denotes the renormalized limit, see [Tl Section 9.6], which in this case 
is actually an ordinary limit. 

Proposition 6.2. Suppose ^ £ r(end(rM)) is symmetric with respect to g, and let 
A*^ e end(A*r*il/) denote its extension to a derivation on K*T*M . Then 



((A*e-itr(0)e-*'^--^) - / tr(6-iV^6)A(a2Cs)(g,gO 



LIMstr 



Again LIM denotes the renormalized limit, which in this case is just the con- 
stant term of the asymptotic expansion for i — > 0. Moreover, we use the notation 
{d2Cs){g,gS) := ^|o cs(5,g + tg^)- 



Let us now give a proof of Theorem l4.2l Suppose g^ and 6„ depend smoothly 
on a real parameter u. Let 7 be a simple closed curve around and assume w.l.o.g. 
that u varies in an open set U so that the spectrum of A^ '■— AE,g^,b^ avoids the 
curve 7 for all u € U . Let Qu denote the spectral projection onto the eigen spaces 
corresponding to eigen values in the exterior of 7, and Qu,q the part acting in 
degree q. Let us write A„ := ^A„, and A^^q for the part acting in degree q. 
From the variation formula for the determinant of generalized Laplacians, see for 
instance fT\ Proposition 9.38], we obtain 

|^logn(det-(An,,))'"'^'^ = E(-l)''?(|llogdet-(^-?)) 

= ^(-l)9g(LIMtr(A„,,(A„.,)-iQ„,,e-*'^-' 
9 

= LIMstr(7VA„A-iQ„e"*^") (49) 

where TV denotes the grading operator which acts by multiplication with q on 
n'J{M]E). 

Choose uoeU and define Gu e r(Aut(rA'f)) by 

gu{a,b) = gua{Gua,b) = g„(,(a,G'„&) 
and similarly i?„ e r(Aut(i?)) by 

bu{e,f) = fe„o(B„e,/) == &«o(e,^«/)- 
Let A*G'-i denote the natural extension of G^^ to r(Aut(A*r*Af)) and define 

Au = det(G„)^/2 • A*G-^ ® B„ e r(Aut(A*r*A/ ® E)). 
Then 

/3g„,&„(w,w) = f3g^g,b^g{AuV,w) ^ Pg^^^b^^^{v,Auw), v,we n{M;E). (50) 

Abbreviating dj^ := dL j^ we immediately get 

du •= ^u d-uo^u- 
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Writing A„ := ^yl„, y^ := ^.g„ and fo„ := ^6„ we have 

A-^Au = (-A*(g-i5„) + i tr(g-i<7„)) ® 1 + 1 ® (6-i6„) e r(end(A*T*A./ ® S)) 

(51) 
where K*{g^^gu) denotes the extension of g^^gu G r(end(rM)) to a derivation 
on A*T*M. 

Let us write d := cIe and djj := ^rf$i- Using the obvious relations A„ — 
[d, 4], [N, d] = d, [d, A„] = 0, [d, (5„] = 0, 4 = [^L ^« ^^«] and the fact that the 
super trace vanishes on super commutators we get: 



str(7VA„A-iQ„ 



-tA„ 



str(7VddlA-iQ„e- 
str(d4A-iQ„e" 



■tA„ 



str(7V4dA-iQ„e 



-tA„ 



-tA„^ 



str(d4A-ii„A-iQ„e- 



tA„ 



-str(dA-M„d«,A;iQ„e-*^") 
= str(A-ii4d4 + d«,d)A-iQ„e-*^" 
= str(A-ii,Q„e-*^") 
Together with (|15)) this gives 

— logr[(det^(A„.,))^"'^''' = LIMstr(A-ii„Q„e- 



■tA„ 



(52) 



Let us write 51* := ^*e g^ b„(-^^; -E')(7)- Note that this is a family of finite 
dimensional complexes smoothly parametrized by u S U . Let P„ = 1 — Q^ denote 
the spectral projection of A„ onto 51*. Note that since str P„P-u = const we have 
str PuPu = 0. For sufficiently small w ~u the restriction of the spectral projection 
Pw\n' ■ ^u ^ ^w is an isomorphism of complexes. We get a commutative diagram 
of determinant lines: 



det 11* 

dot(P„|fi. 

det n: 



■detHin:) 



■ det H*{M;E) 



det if (P„ In.) 



dctH(P„) = l 



-^ det H{ni) ^ det H* (M; E) 



Writing Pu '■— PE,g^,b^ and t™(7) := ■''|;"g,^,b,^(7), we obtain, for sufficiently small 
w — u, 



Here the two non-degenerate bilinear forms /3„|n; and (P^lo* )*/?«, on 51* are 
considered as isomorphisms from 5]* to its dual, hence {Pu\ni)~^ {Pw\n^)* Pw is an 
automorphism of 51* . Using (j50p we find 



{Pu\n:)-HPn,\n:rPu, = PuA-'A^P^\n:, 
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Using (|53|) we thus obtain 

<"(7) 
r-(7) 

In view of str(P„J'u) = we get 



^sdct(PuA^^A^P^\n' 



d_ 
dw 



rS"(7) 



str(P„A-M„i'„ + P^A-'AuPu) = str(A-iA„P„) 



Combining this with ([5^ and Proposition 14. 71 we obtain 



_d_ 
dw 



Vr(0)-na(det'A.,,)(^i)' 



LIMstr(A-M„e-*'^"). (54) 



"V^-"(0).n,(det'A„,,)(-i)'?; t-o 
Applying Proposition 16. II to (p = b^^b^^ we obtain 

LIMstT{b-^bue-'^") ^ [ tv{b-^bu)e{gu). 
Using Proposition 16.21 with S, ~ gZ^gu we get 
LIMstr((A*(g-i<7„) - i tr(5-i<7„))e-*^") 

= / tr(&-iV-^6„)A(a2Cs)((7„,5,0. 
Using (l5T|) we conclude 



M 



LIMstr(A,7iA. 



1^ g-tA„ 



tr(6-^6„)e(gO- / tr(&-V^6„) A (^2 cs)(g„,5„). (55) 

A/ JAf 



Let us finally turn to the correction term. If [g^ ctu] G £u[*(Af ; C) represent 
the same coEuler structure then aw — a,i = cs{gu,gw) and thus 



d_ _ d_ 
du ' dw 



csigu, gw) = id2cs){gu,gu)- 



di 



Moreover, we have 

^■tr(6;iV^6„) - tr(-6;i6„6;iV^6„) +tr(6-iV^6„) 

= tr(-fo-i(V^fe„)6-ife„) +tr(6-iV^6„) 
= tr((V^5;i)6„)+tr(6-iV^6„) 
= tr(V^(5-i6„)) 

= dtr(6;;i6„). 
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Using —2ujE,b^ — tr(6^^V^5„), dau — e(g„) and Stokes' theorem we get 

— / -2ujE,b^/\au= dtT{b-^by,) A au + tr {b-^V^bu) A (82 ca) {gu,gu) 
Ou Jm Jm J m 

= - I tr{b-^bu)e{gu)+ f tr(fe;;iV^5„) A (c^z cs)(5„, <?„). (56) 

JM JM 

Combining ([M)) . ([55)1 and ([5S|) we obtain 

_d_ 

dw 









This completes the proof of Theorem 14.2 



7. Asymptotic expansion of the heat kernel 

In this section we wih consider Dirac operators associated to a class of Clifford 
super connections. The main result Theorem 17. II below computes the leading and 
subleading terms of the asymptotic expansion of the corresponding heat kernels. 
In Section [8] we will apply these results to the Laplacians introduced in Section [4] 
which are squares of such Dirac operators. We refer to T for background on the 
Clifford super connection formalism. 

Let (M, g) be a closed Riemannian manifold of dimension n. Let CI = 
Cl(r*M, g) denote the corresponding Clifford bundle. Recall that CI = C1+ ® CI" 
is a bundle of Z2-graded filtered algebras, and let us write CU for the subbundle 
of filtration degree k. Recall that we have the symbol map 

cr : CI ^ A*T*M, (7{a) := c{a) ■ 1 

where c denotes the usual Clifford action on h*T*M. Exphcitly, for a e T*M C 
C\x and a S A*T*M we have c{a) ■ a = a Aa — i^aCi, where fla = g~^a G T^M and 
ija denotes contraction with jja. Here the metric is considered as an isomorphism 
g : TM -^ T*M and 5"^ denotes its inverse. Recall that a is an isomorphism 
of filtered Z2-graded vector bundles inducing an isomorphism on the associated 
graded bundles of algebras. 

Let £ = £+ffi£~ be a Z2-graded complex Clifford module over M. The forms 
with values in £ inherit a Z2-grading which will be denoted by: 

n{M; £) = n{M] £)+ ® VL{M] £)- 

We have Q.{M]£)+ = QP'"'''{M\£+) n°'^'^{M]£-) and similarly for Vl{M\£)- . 
Let us write endci(f ) for the bundle of algebras of endomorphisms of £ which 
(super) commute with the Clifford action, and let us indicate its Z2-grading by: 

endci(f ) = cndjj(£) © end^j(£) 

Recall that we have a canonic isomorphism of bundles of Z2-graded algebras 

end(£:) =Cl(8)endci(f). (57) 
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Suppose A : Q{M;£)^ -^ J7(Af;£)^ is a Clifford super connection, see (TJ 
Definition 3.39]. Recall that with respect to ([57)1 its curvature A^ e il(A/; end(5))+ 
decomposes as 

A"^ = R^^ (g) 1 + 1(g) Ff /^ (58) 

where i?^' g n^{M;Cf) with Cl^ := a-\A^T*M) C C1+ is a variant of the 
Riemannian curvature 

R''\X,Y) = i^5(i?x,ye„e,)cV (59) 

id 

and F^' G r2(A/; endci(f ))^ is called the twisting curvature, see [U Proposi- 
tion 3.43]. Here e^ is a local orthonormal frame of TM, e' := (/ei denotes its dual 
local coframe and c' = c(e*) denotes Clifford multiplication with e'. 

Recall that the Dirac operator Da associated to the Clifford super connection 
A is given by the composition 

r{£)^ n{M; £) = r(A*r* Af ® s) ^li^l£^ r(ci ®f ) ^ t{£) 

where c : CI (E)£ -^ £ denotes Clifford multiplication. 

Wc will from now on restrict to very special Clifford super connections on £ 
which arc of the form 

A = V + A 

where V : n*{M;£^) ^ n*+\M;£^) is a Clifford connection on £, and A e 
ri°(M; end(^j(£)). For the associated Dirac operator acting on T{£) we have 

Da = D^ + a. 

Consider the induced connection V : Q* [M ; end^ {£)) -> ^1*+^^ {M ; end^ {£)) . 
Since V is a Clifford connection this induced connection preserves the subbun- 
dle endci(f). Moreover, we have [Dy,^] = c(VA) and thus 

Dl = Dl + c{WA)+A\ (60) 

Here VA e n\M ; endc^{£)) , A^ e n^ {M ; end^ii£)) , and the Clifford action c{B) 
of B G n{M;end{£)) on T{£) is given by the composition: 

T{£) ^ n{M;£) = r{A*T*M <» £) "''^^^ r{C\g)£) ^ r{£) 

Note that for B E f7°(M; end(£)) the Clifford action coincides with the usual 
action c{B) = B. 

Theorem 7.1. Let £ be a 2,2 -graded complex Clifford bundle over a closed Rie- 
mannian manifold {M,g) of dimension n. Suppose V is a Clifford connection on 
£ and A G $7" (M ; end^j (£")). Consider the Clifford super connection A = V + A 
and the associated Dirac operator D^ acting on T{£). Let rig € r2"(M; O^j) denote 
the volume density associated with the Riemannian metric g. Let kt £ r(end(£)) 
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so that ktftg is the restriction of the kernel of e^ * to the diagonal in M x M . 
Consider its asymptotic expansion 

kt ~ (47rt)-"/2 ^ ^il^ ast~^Q (61) 

j:>0 
with ki € r(end(£)), see [1, Theorem 2.30]. Then 

k e V{Gh^®enAcl{£)) C r(Cl(g)endci(f )) = r(end(£)). (62) 

Moreover, with the help of the symbol map 

a : r(end(£)) = r(Cl«)endci(£)) ^^ f7*(M; endci(£)) 
and writing a[j^ for the j-form piece of a we have 

Y, ^{k)m =AgA exp(-i^^/^). (63) 

i>0 

Here Ag G r2**(A/;M) denotes the A-genus 

^ \smh{R/2)J 

and R G Q,'^{M;end{TAI)) the Riemannian curvature. Moreover, we have 

^>o \ ^ ad(-F4/'^) 

where ad(i^v^^) ■ ^*iM;endci{£)) -> n*+^{M;endci{£)), is given by 

ad(F4/^)0:=F^/^A0-(/)AF4/^. 

RemEirk 7.2. Note that ([5^ and (|63p teU that on this level the asymptotic expan- 
sions for e~*^* and e~*^^ are the same. 

Proof. The proof below parallels the one of Theorem 4.1 in [T] where the case A = 
is treated. It too is based on Getzler's scaling techniques, see [H]. In order to prove 
Theorem 17.11 we need to compute one more term in the asymptotic expansion of 
the rescaled operator. 

The calculation is local. Let xo E M. Use normal coordinates, i.e. the expo- 
nential mapping of g, to identify a convex neighborhood C/ of G T^^M with a 
neighborhood of xq. Choose an orthonormal basis {di} of T^^M and linear coordi- 
nates X = {x^, . . . , x") on TxgM such that {dx^} is dual to {di}. Let TZ := J2i ^''^i 
denote the radial vector field. Note that every afhnely parametrized line through 
the origin in T^^M is a geodesic. Let {ci} denote the local orthonormal frame 
of TM obtained from {di} by parallel transport along TZ, i.e. V^jCi = and 
ei(a;o) = di. Let {e*} denote the dual local coframe. 

Trivialize £ with the help of radial parallel transport by V. Use this trivializa- 
tion to identify T{£\u) with C°°(;7,£:o), where fo := £xo- Let uj G Q}{U-enA{£o)) 
denote the connection one form of this trivialization, i.e. Vg. == di + Lu{di). For the 



E '^(^0(2.-1] - -V 4 A -— ^Js-A) a exp(-F^/^) (64) 
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curvature F of V we then have F = cLu + lu Alu £ ft^ (M ; cndi^ {£q)) . By the choice 
of trivialization of £|t/ we have i-jzuj = and thus iK-F — iiz^duj + lu Alu) — i-jiduj. 
Contracting this with di and using [di , TZ] = di we obtain 

-F{d,,n) = F(7^,9,) = {duj){n,di) = [in + l){u^{^^)) (65) 

where L-ji denotes Lie derivative with respect to the vector field TZ. Let ijj{di) ~ 

Sa °"ai' '^^ x" denote the Taylor expansion of uj{di) at a;o, written with the help 
of multi index notation. Using L-jix"" ~ |a|a:" we obtain the following Taylor expan- 

sion {Ln + 1)(^(9.)) - E.(l«l + l)g^^^^^x". If F{d,,d,) ^ Ea '"^'•'f^^^^ x^ 
denotes the Taylor expansion of F{di, dj) at xq then we obtain the Taylor expan- 
sion F{di,7V) ^ J2j a ~ — a\ x^x" . Comparing the Taylor expansions of both 
sides of (|65|) we obtain the Taylor expansion, cf. Proposition 1.18 in [1], 



Va. - ft = c^(ft) ~ - V T \ o^T' ^'^' 



^ (|a|+2)a! 



For the first few terms this gives: 

^9. ^^^~\Y. F{d,,d,)^,x^ - i ^ dkF{d,, d,)^,x^x'' + 0(|x|3) (66) 

i j-k 

Let d := c(e') G r(£|[/) = C°°(t/,end(£o)) denote Clifford multiplica- 
tion with e*. Since V^^e* = and since V is a Clifford connection we have 
V-R,c* = c(V|je*) = 0. So we see that c* is actually a constant in end(£o), cf. 
[U Lemma 4.14]. Particularly, our trivialization of 8\u identifies r(endci(iS'|(7)) 
with C°°(C/,endci(6^o))- Recah that 

F{d^,d,) = i^5(i?a.,a,e,,e™)c'c™-f F^/''(ft,ft) 

with F^/"^ e fi2(^.gj^(j+ (£^))^ Yrom ^ we thus obtain, cf. [3 Lemma 4.15], 
Va, = (9i - i ^ g{Rdi,djei,em)xoX^ c^c"^ 

~ Tl ^ dkg{Rd^,djei,e„i)xoX^x''c'c"' 

+ ^M,z,„(x)c'c" + «,(x) (67) 

with u,i™(x) = 0(|x|3) e C°°([/) and v,{x) = 0(|x|) e C°°(t/,endci(£o)). 
Let A denote the connection Laplacian given by the composition 

T{£) ^ T{T*M (g) £) ^"^i+i®^- r(T*M ® T*M ® £) ^1^ T{£) 

Let r denote the scalar curvature of g and recall Lichnerowicz' formula 1, Theo- 
rem 3.52] 
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Recall our Clifford super connection A — W + A with A e rf{AI; end^i{£)). Since 
Dl^ D^ + c{VA) + A^ we obtain 

Dl^^ + c{F^'^ + VA)+A^ + ^^. (68) 

Use the symbol map to identify end(£o) = A*r^^M®endci(fo)- For < u < 1 
and a e C°°{M.+ x U,A*T*^M ^ endci(£o)) define Getzler's rescahng 

i 

Consider the kernel p G C°°(R+ x U,A*T*^M (g) endci(£^o)) of e-*-"", p(i,x) = 
Pt(x, xo). Note that p{t,0) — kt{xa). Define the rescaled kernel r„ := u^/'^SuP and 
the rescaled operator Lu := u5uD\5~^ . Since {dt + D'j^p — and 5udt5~^ = u~^dt 
we have 

{dt + Lu)ru = 0. (69) 

Note that setting t — \ and a; = and using (j6ip we get an asymptotic expansion 

r„(l,0)^(47r)-"/2 ^ u-'/2^r7(fc,(xo))p^_^.] as w ^ 0. (70) 

The claim (p^ just states that the terms for ~n < j < vanish, i.e. there are no 
Laurent terms in ([70]) . Statements (|63p and ([M]) are explicit expressions for the 
term j = and j = 1 in ([70]) . 

Let us compute the first terms in the asymptotic expansion of L^ in powers 
of u^'"^. Let us write e^ for the exterior multiplication with e-', and t-' for the 
contraction with Cj . Note that 

and recall that o' = e^ — lK Let us look at the simplest part first. Clearly, 

u5u{A^ + j)K^ = 0{u) asu^O. (71) 

Next we have VA = Y.i{^ e,A)e\ hence c{V A) = Ei(^e,^)c' and therefore 

u5uc{VA)6-^ = u^/^A' + 0(m3/2) as u -> 0, (72) 

where A' := E.(Va,A),„£\ Moreover, F^^^ = 5 E,.j ^v^^(e*.ej)e^ A e^ hence 
c(f|/^) = i^^^^. i^|/^(e„e,)c*tf , and thus 

u5uc{F^''^)5-^ = F + 0(u) as u ^ 0, (73) 

where ^ '■— \ X^i 7 -^v {di,dj)xa£^e^ . From (p7|) we easily get 

u^'^Sy^d^K^ = ^^-J'Y^ ^rjx^ + u^''^R', + 0(w) as u ^ 0, 

i 

where Rij :— ■^J2im9i^di,9j^i'^"i)^a^''^™ 8,nd R^ is an operator which acts on 
C°°(C/, A<=™"/°^'^T^*^M (g) endci(£o)) in a way which preserves the parity of the 
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form degree. Using the formula A — — X]i((^ei)^ ~ ^via) and the fact that 
Vf.ei vanishes at xq we obtain 

uJ„A<5-i--^(a,-i^Ry2;^y + Mi/2i^°™" + 0(M) asu^O, (74) 

where /C''™" acts on C°°([/, A°™'^/°^'^r4M ® endci(5o)) in a parity preserving 
way. Let us write 

i 3 

Then (HTD, dZH), dZS]), dZi) together with ^ finally give 

L„ = K + 7ii/2 (A' + if '=™") + 0(u) as u -> 0. (75) 

Recall, see [11 Lemma 4.19], that there exist A*r*M(g)endci(fo) valued poly- 
nomials fi on R X [/ so that we have an asymptotic expansion 

r„(t, x) - qt(x) Y^ u^'/2fj(i, x) as u ^ 0, (76) 

where gt(x) = (47ri)~"/^e~l''l /^*. Moreover, the initial condition for the heat ker- 
nel translates to 

r~,(0,0) = ,5,-o. (77) 

Setting i = 1, X = in ([75)1 we get 

r„(l,0) ~ (47r)-"/2 ^ uJ/2^^.(i^o) as u ^ 0. (78) 

j>~n 

Comparing this with ([70)1 we obtain 

f,(l,0) = ^a(fcO[2»-,](a:o). (79) 

Expanding the equation [dt + Lu)ru = in a power series in m^ " with the 
help of ((76| and ((75)l the leading term qfi satisfies {dt + K){qfi) — 0. Because of 
the initial condition (|77p and the uniqueness of formal solutions [1, Theorem 4.13] 
we must have I > and thus fj = for j < 0. In view of ((79|) this proves ((62|) . 

So qro satisfies {dt + K){qro) = with initial condition fo(0,0) = 1, see (|77l) . 
Mehler's formula [U Theorem 4.13] provides an explicit solution: 

9t(x)ro(i,x) 

= (4-0-"/^detV2(^_^|^) Aexp(-i(x | f coth(f ) | x)) A exp(-tF) 
Setting t = 1, X = we obtain 

In view of ([7^ we thus have established 
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The term gn satisfies {df + K)(gfi) == -(A' + i^°™")(gro). Let us write 

fi(i,x)=fr"(t,x)+ff'i(i,x) 

with ff<"^(i,x) € A^'^^T^^M^endcK^o) and rf'^it^x) e A°'^'^T*^M ®endci{£o)- 
Note that in view of ([75)1 we have 

h{l,0) = Y.<JCh)[2^-l]{xo) = rf''{l,0). (81) 

It thus suffices to determine f°'^'^. Since 

(i^^™'^(gfo))(t,x) e A<=™"T4M®endci(5o) 
(A'(gfo))(t,x) e A°'i'ir;„M®endci(£o) 



we must have {dt + K)(gf°^'^) = — A'(qro)- We make the foUowing ansatz, we 
suppose that f^"^^ = Bfo with S e C°°(R, A°'^'iT^*^M «) endci(fo))- Then 

{dt + K)(<7rf ^) = (9tB)(zro + Bdt{qfo) + K(Sgfo) 
= idtB)qfo - BK(qfo) + K(Bgfo) 
= idtB)qro ~ BFqfo + fBqf^ 
^ {dtB + ad{f)B)qfo 

Hence we have to solve dfB — ad(— F)_B — A' with initial condition B{0) = 0. This 
is easily carried out and we find the solution: 

ad(-tF) _ 1 

Bit)^~'—-—^A' 
ad(— F) 

Thus qBro satisfies {dt + K){qBro) = — A'(qfo) with initial condition (Bfo)(0, 0) = 
0. Again, the uniqueness of formal solutions of the heat equation guarantees that 
we actually have fj'*^ = Bfo. Setting i = 1, x = and using ([80|) we get 

rr {1,0) ^ B{1)M1,0) = -detV^(-^) A (^^^|j(^A') A exp(-F). 
Using ((5T|) we conclude 

Y^a{kh^-l]=-A,A(^^—^-^VA) Aexp(-4/^). 
i>o ^ ^^{-Fv ) ^ 

The Bianchi identity VF^^'^ = implies V exp(-F4/"^) = 0, V ad(-F^^'^) = 0, 
and similarly dAg = 0, from which we finally obtain ([64]). D 
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Certain heat traces 

Since £ is Z2-graded we have a super trace str^ : r(end(£)) -^ f7°(Af;C). If n 
is even we will also make use of the so called relative super trace, see [TJ Defini- 
tion 3.28], str^/s : r(endci(£)) ^ 9P{M-Ol,) 

str£/5(5):-2-"/2str£(c(r)5). 

Here F e r(Cl(8)C'^j) denotes the chirality element, see [1] Lemma 3.17]. With 
respect to a local orthonormal frame {ci] of TM and its dual local coframe {e*} 
the chirality element T is given as i"/^e^ • • • e" times the orientation of (ei, . . . , e„). 
This relative super trace gives rise to 

str^/5 : n*{M-endcm) -> n*{M-Oli) 

which will be denoted by the same symbol. For every (p € F(end(£)) we have 

(str£(0)) • VLg = (i/2)-"/2str£/s(a(</.)[„]), (82) 

where ilg £ ^"^{M; O^j) denotes the volume density associated with g. To see ([82|) 
note first that 

Cl„-i = [Cl,Cl] (83) 

where Cl^ denotes the filtration on CI, see [TJ Proof of Proposition 3.21]. Hence 
both sides of ([5^ vanish on F(Cl„_i (8)endci(f )). It remains to check ([5^ on 
sections of CI / Cl„_i (E) endci(f ), but for these the desired equality follows imme- 
diately from the definition of the relative super trace. 



Lemma 7.3. Let Da be a Dirac operator and ki G F(end(£)) as in Theorem \7.1\ 
Moreover, let $ £ F(end(£)). Then, for even n, we have 

LIMstr(a>e-*^') = (27ri)-"/2 / siY^,s{<j{^~K,^\^{), 

whereas LIMt_>o str^^e"*^*) — if n is odd. Here LIM denotes the renormalized 
limit [TJ Section 9.6] which in this case is just the constant term in the asymptotic 
expansion for i — > 0. 

Proof. For odd n this follows immediately from (|6ip. So assume n is even. Recall 
from 1, Proposition 2.32] that 

str($e"*-°A) = / str£($fct) -f^g. (84) 

Jm 

Combining this with (|5^ we obtain 

str($e'*^A) ^ (i/2)-"/2 f str£/^(^($fc^)j„j) 

Jm 
We thus get an asymptotic expansion, see (jCTj) . 

str($e-*^') ^ (27rit)-"/2;^f f stTs/s{a{^k)[n]) as t ^ 0, 
from which the desired formula follows at once. D 
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Corollary 7.4. Let Z?a be a Dirac operator as in Theorem \7. 1\ Moreover, let U G 
r(endci(i?)). Then, for even n, we have 

LIMstr(f/e-*'°') = (27ri)~"/2 f Ag A sirs / s{U exp{-F^^^)) , (85) 

whereas LIMt^o str([/e~*^A) = if n is odd. 

Proof. For odd n this follows immediately from Lemma 17.31 So assume n is even. 
Since (T(C/fci)[„] = t/cr(fci)[„] Theorem 17.11 yields 

str£/s{cr{Uk„/2)[n]) = (^3 Astr£/5(t/exp(-i^^/'^))) 

V / [n] 

Equation (|55|) then follows from Lemma [7751 D 

Corollary 7.5. Let Z?a &e a Dirac operator as in Theorem \7.1\ Moreover, suppose 
V G Q,^ {M ; cndc\{£)) , let c{V) G r(end(£)) denote Clifford multiplication with V, 
and consider 'S/V G fl^ {M ; endciiS)) . Then, for even n, we have 



LIMstrfc(y)e"'-°'0 = 

- (27ri)-"/2 J^^ Ag A stT,,s [y ^^,_p£/s. -^j ^ ^M^Fv") ^ VV j , (86) 



ad(-F^/^) 
whereas LIMj^q str( c(F)e~*^i ) = if n is odd. 



Proof. If n is odd the statement follows immediately from Lemma 17.31 So assume 
n is even. Since a(c{V)ki). —V A o'(fci)[„^ii Theorem 17.11 vields 



str< 



/s(f7(c(F)fc„/2)[„] 



£/S, 



ad(-_F;'-') _ I 



= - stT£/s [VAViAgAi jj^-A A exp(-F^^^) 



ad(-F, 



£/Sx 
V ) 



£/S. 



jad(-F;'^) _ I 



-,£/S^ 



= -str,/s(^^[Ag A ^—^^—^Aj AeM-Fv'l ) ^V 
Applying Lemma [73] and using Stokes' theorem we obtain ([5S)) . D 



8. Application to Laplacians 

Below we will see that the Laplacians A^.g^b introduced in Section[3|are the squares 
of Dirac operators of the kind considered in Section [7) Applying Corollaries 17.41 
and 17.51 will lead to a proofs of Propositions 16.11 and 16. 2[ respectively. 
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The exterior algebra as Clifford module 

Let {M,g) be a Riemannian manifold of dimension n. In order to understand the 
Clifford module structure of A := K*T*M we first note that A is a Clifford module 
for CI := Cl(r*M, —g) too. Let us write c for the Clifford multiplication of CI on 
A. Explicitly, for a G T*M C CI and a € A*T*M we have c{a)a = a A a + ijaa, 
where t|a :— g^^a G T^M and zja denotes contraction with tta. It follows from this 
formula that every c{a) commutes with the Clifford action of CI. We thus obtain 
an isomorphism of Z2-graded filtered algebras 

c : CI ^ endci(A). 

Let us write 

o- : CI ^ A, a{a) := c{a) ■ 1 

for the symbol map of CI. 

As in dniD define i?ci g n^{M; CI) by 

where X and Y are two vector fields, {ci} is a local orthonormal frame, {e*} 
denotes its dual local coframe, and c' := c(e*). For the twisting curvature F^g g 
ri2(M;endci(A)) we then have, see [U Page 145], 

F^i' - (1 ® c)(i?^i) e r)2(M;endci(A)), (87) 

where (1 » c) : n.{M;C\) —> f7(Af; cndci(A)). Indeed, the curvature of A, R^ e 
f2^(M; end(A)), can be written as 

R\X,Y) = ^5(i?(X,r)e„e,)i(£^i^ -eV^) e r(end(A)) 



where e^ G r(end(A)) denotes exterior multiplication with e^, and i' € r(end(A)) 

^{d + c') and t* = -i( 



denotes contraction with e^. Using e* = i(c* + c*) and t* = — i(c* — c') one easily 



deduces 

i(£.,' „ £',.) ^ 1 (i(eV" - c'cO) - IC^iec^ - c'-c*)) 
from which we read off ((87|) . see ()58p . Also note that we have 

(1 ® <7)(i?^') = -^R e r22(Af ; K^T*M), (88) 

where (1 «) ct) : 17(M; CI) -^ Vl{M] A). 

If n is even then the relative super trace 

strA/s : endci(A) -> O^ 

is given by 

strA/s(c(a)) = (i/2)-"/2T(a(a)) a G CI, (89) 
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where T : A ^ O'^j denotes the Berezin mtegration associated with g. Indeed, 
since [CI, CI] = Cl„_i, see ((55)) . both sides of ([55)1 vanish for a e Cl„_i. Checking 
([55)1 on Cl/Cl„_i is straight forward. We wiU also make use of the formula 

strA/s(exp((l ® c)a)) = (i/2)-"/2r(expA((l ® a)a)) a e n^{M: CI2), (90) 

where 1 (g) c : fl{M;G\) -^ t7(M; endci(A)), 1(® a : f}(Af; CI) -> n{M;A) and 
T : Q{M; A) — > il{M; O^) denotes Berezin integration. To check this equation 
note that the assumption on the form degree and the filtration degree of a implies: 

strA/s(exp((l ® c)a)) = strA/s(;lf ((1 ® c)a)"/^) 

r(expA((l ® a)a)) = r(;^((l ® a)a)"/2) 

Using the fact that 1 (g) c is an algebra isomorphism and ([89)) we obtain 

strA/s(((l ® c)ar/') = strA/s((l ® c)(a"/^)) 

= (i/2)-"/2T((l(gfT)(a"/2)) = (i/2)-"/2T(((l(ga)a)"/2) 

where we made use of the fact that 1 (g o- induces an isomorphism on the level of 
associated graded algebras, for the last equality. Combined with the previous two 
equations this proves ([90)) . 

Lemma 8.1. Let (M,g) be a Riemannian manifold of even dimension n. T/iero 

e{g) = (27ri)-"/2strA/s(exp(-</^)). 

Proof. Consider the negative of the Riemannian curvature —R G il'^{M; A'^T*M) 
and its exponential expA(— -R) G ft{M;A). Recall that 

e{g) := {27r)--^'T{exp^{^R)) G r!"(Af;0^,). 

Using ([55]), & and ((57]l we conclude: 

e{g) = (27r)-"/2T(cxpA((l®a)(2i?Ci))^ 

= (-7r)-"/2r(expA((l®-T)(-i?^i))) 

-(27ri)-"/2strA/5(exp(-(l®c)(i?Ci))) 

= (27ri)-"/2strA/5(exp(-4/^)) D 

Lemma 8.2. Let {M,g) be a Riemannian manifold of even dimension n. Suppose 
ie r{T*M(g)T*M) is symmetric, wse 1 (g) c : T*M®T*M -^ r*M(g)endci(A) to 
defineV := i(l(g)c)(0 G ^^^(Af ; endci(A)), and consider X/W € ^^^(Af ; endci(A)). 
Then, for every closed one form u G i}^{M; C), we have 

ujA{d2Cs){g,0 = i(27ri)-"/2strA/s(cM Aexp(-F^/^) A V^f) 



^ Since the degree part of Ag is 1, this formula is easily seen to be equivalent to 6(3) 
(2ni)^"'^Ag A strA/5(exp(— F„g )) which can be found in 1 Proposition 4.6]. 
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in f^"(M;C'^^)/dO"-i(M;C'^). 

Proof. Set M :— M X R and consider the two natural projections p : M ^ M 
and t : M —> R. Consider the bundle TM := p*TM over M, and equip it with 
the fiber metric g := p*{g + 1^)- For sufficiently small i, this will indeed be non- 
degenerate. For i g R let incj : M ^ M denote the inclusion x i-^ ix,t). Define a 
connection V on TM so that inc^ V — V^+*^ for sufficiently small t, where V^+*^ 
denotes the Levi-Civita connection of g + 1^, and so that Vgi — dt + ^g^^{p*(,)- 
It is not hard to check that g is parallel with respect to V, i.e. V^ = 0. Let 
e{fM, g, V) e f7"(M; Of m) denote the Euler form of this Euchdean bundle. RecaU 
that 

cs(g, g + rf) = / inc* la, e{fM, g, \7)dt 
Jo 

and thus 

(82 cs){g, i) ^ inc* ig, e{fM, g, V) 

= (2^)-"/2.inc**9,r(expA(-i?^)) 

= (-27r)-"/2.T(inc*Z9,cxpA(i?^)) 

= (-27r)-"/2 . T(inc*(expA(i?^) A to,R^)) 

= i-2ny^^ ■T{cxpj^{[nc*QR^)Ainc*Qia,R^) 

where R^ G ^^(M; A?fM) denotes the curvature of V. Let 

S-iA^A^A^A, S'(a®/3) :=(-l)l"ll^l/3® a 

denote the isomorphism of graded algebras obtained by interchanging variables. 
Consider | € 9}{M;T*M), V^f e n^{M;T*M) and SiW^C) e 9}{M;k^T*M). 
With this notation we have 

inc* R^ =^Re n^{M; A^T*M) 

mc*oio,R'^ = 5'(iVS0 e n^(M:A^T*M) 

where R denotes the Riemannian curvature of g. We obtain 

(92cs)(g,|) - (-2^)-"/2T(expA(i?) A SC^V^i)) 

and wedging with uj we get 

u;A{d2Cs){g,0 - {-2TT)-^/^T{exp^{R) Au; A S{^\/^0) . 

Next, note that for a E A"T*M (g) A"T*M we have T(S(a)) = T(a), for n is 
supposed to be even. Together with the symmetries of the Riemann curvature, 
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S{R) = R, we obtain 

u; A (82 cs)(5,|) = (-27r)-"/2T(5(expA(i?) A ^ A S{^S/^i)) 
= (-27r)-"/2y(s'(expA(i?)) A 5(tj) A iV^I 
= (-27r)-"/2T(expA(i?) A (1 ® w) A iV^l) 

C/S s=0 V V 

In view of ((88l) we have: 

i? + s(l ® w) A i(Vse) = (1 (8x7) f-2i?^' + s(l ® tj) A iV^I 



Moreover, using ^7^ and (1 (g) c)(iV»|) = V^V^ we also have: 



(1 ® c) -2i?^' + s(l (g) w) A iV»^ 



-2i^, 



A/5 
V9 



+ sc{uj) A V^V 



Using these two equations and applying (|90p we obtain 



A/S( 



(exp(~2F^i^ + sc{uj) A V^F 
(4^i)-"/2 strA/s(exp(-2F^/^) A c(w) A V^f) 
i(27ri)-"/2strA/s(exp(-F4/^) A c(c.) A V^v) 
i(27ri)-"/2strA/s(c(c.) Aexp(~F^f ) A V^y) 



D 



The Laplacians as squares of Dirac operators 

Let i? be a flat complex vector bundle equipped with a fiber wise non-degenerate 
symmetric bilinear form b. Let V^ denote the flat connection on E. Consider 
^-lyBjj g n^ {M ; end{E)) and introduce the connection, cf. ^ Section 4], 



vE.b 



U-^^^'b 



on E. Consider the Clifford bundle 8 :— K® E with Clifford connection 
Since (V^'S^'')^ = (Vs)^ + (V^'^)^ the twisting curvature is 



f: 



£/S 



\JE,g,b 



F^^' + (V^'") 



E,b\2 



(91) 



Since the two summands commute we obtain 



exp{-F^Z^,) = exp(-^^^.r) A exp(-(V^^^)2). (92) 

An easy computation shows that the Dirac operator associated to the Clifford 
connection \7^^9,b jg 



D^E.a.b = ds + d^E.g,b + CV2 



(i6-V^6) 



(93) 
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Setting 

AE.,g,b :- -c(i5-i V^5) e r!"(A/; endci(£)) (94) 

we obtain a Clifford super connection 

hE,g,b:^V'''3''' + AE,g,b. (95) 

For the associated Dirac operator i^As.g.t = ^e + d^^ „ i, ^g find 

So we see that the Laplacians introduced in Section U are indeed squares of Dirac 
operators of the type considered in Theorem 17.11 

Proof of Proposition l6.ll 

For odd n the statement follows immediately from Lemma 17.31 So let us assume 
that n is even. We will apply Corollary 17.41 to the Clifford super connection ([95]) 
and U := (j). From (|92p and Lemma [5?T] we get: 

str£/s(0exp(-F441O) = str£/s(0exp(-^^f ) A exp(-(V^''')2)) 

= strA/s(cxp(-F^/^)) AtrB(0exp(-(V^'^)2)) = (2^i)"/2 6(5) tr(^) 

Here we also used the fact that the form strA/s(cxp(— i^yg )) — (27ri)"/^ e{g) has 
degree n, and thus the only contributing part of tr£;((/)exp(— (V^''')^)) is the one 
of form degree 0, which is just tr((/)). Using again the fact that e{g) has maximal 
form degree, we conclude 

(2^i)-"/2^<, Astr£/s(0exp(-4/^,,)) - tr(0)e(5), 



since the degree part of Ag is just 1. Proposition 16.11 now follows from Corol- 
lary O and ([96|. 



Proof of Proposition [ 

For odd n the statement follows immediately from Lemma 17.31 So let us assume 
n is even. Consider ^ := g^ e r{T*M (g) T*M), and use the bundle map 1 (g) c : 
T*M (g) T*M ^T*M(g) end(;i(A) to define 

V:^^il(8>c)i0en\M;endc,{A)). 

We claim 

c(y) = A*^-itr(e). (97) 

To check this let {ci} be a local orthonormal frame and let {e*} be its dual local 
coframe. Then 
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where e* G r(end(A)) denotes exterior multiplication with e' , and t' G r(end(A)) 
denotes contraction with e^. Writing c* :— c(e*), c' := c(e') and using e* = i(c*+c*) 
as well as i* = — i(c* — c*) one easily checks 

We conclude 

On the other hand we clearly have c{V) = ^^ j 9{^Si,ej)^c''c^ and thus ([97]) is 
established. We will apply Corollary [73] to the ChfFord super connection ([95]) and 
this V. 

Next we claim that for all integers fc > 1 and Z > we have 

stT£/s[{{e.d{-F^il,)fAE,g,b) A {~F^il,,y A \/v) = 0. (98) 

To see this let us write endci{£)i for the subspace of endci(f) which via the 
isomorphism c(8) 1 : C\(^end{E) — > endci(A) (g) end(i?) = endci(f ) corresponds to 
the filtration subspace Cl^ ® end(£;). Then -F^^t.t & n^ {M ; endci{S)2) , VV^ £ 
V,'^{M;endci{S)i) and AE,g,b € r2°(M; endci(f )i)- Looking at the form degree, 
we see that ([M)) holds whenever 2k + 21 + 2 > n. Moreover, since fc > 1 we 

have (ad(-F|4^,,))'As,g,6 g n^'^iM;endc,{£)2k), for [Cl2,Cli] C CI2. Thus, 
considering the filtration degree, we see that ([M]) holds whenever 2k + 21 + 1 < n, 
for strg/5 vanishes on n{M;endQi{£)n_i). This establishes (|98p . We conclude 

ad(-F^''/ , ) 1 \ 



str^/s ( ( g/g ^g.g.b ) A exp(-i^;',^„,) A V^^ 

ad( -T^E.g.b) 



strs/s[AE,g,t A exp(-F,^4^,,) A V^l/) (99) 



Here we wrote VV = V^V to emphasize that this form does not depend on the 
flat connection on E, but only on the Levi-Civita connection. Using ([92]) and 
(V^''')^ G fl^{M ;endci{£)o) and considering form and filtration degree we easily 
obtain: 



stT£^s{AE,g,b A exp(-F^/i,) A V^v) 

= stTs^s{AE,g^b A exp(-i^^/^) A V^v) 

= strA/s(tr£(A£,g,b) A exp(-F^f ) A V»l/) (100) 
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Using ((94l) and applying Lemma [8.21 to the closed one form tr(5^^V^5) we find 
strA/s(trB(^£.s.b) A exp(-F^.{^) A V^^) 

= -istrA/5(c(tr(fo-iV^fe)) A cxp(-F^/^) A V^f) 

= -(27ri)"/2 tr(5-iv£5) ^ (5^ cs)(5, ^ (101) 

Combining ((Ml), (flOOl) and (fTOTjl wc conclude: 

- (2^i)-"/2^g A stTs/s I ^ ^^5 Afi.g.b I A exp(-F4/'^,,) A VV 

\\ ad(-F^i;,g,,) / / 

= tr(6-iV^fe)A(a2Cs)(g,5C) 

Now apply Corollary 17.51 and use ([97]) as well as ([96|) to complete the proof of 
Proposition [ 



9. The case of non- vanishing Euler-Poincare characteristics 

It is not necessary to restrict to manifolds with vanishing Euler characteristics. In 
the general situation [TTl [12] Euler structures, coEuler structures, the combinato- 
rial torsion and the analytic torsion depend on the choice of a base point. Given 
a path connecting two such base points everything associated with the first base 
point identifies in an equivariant way with the everything associated to the other 
base point. However, these identifications do depend on the homotopy class of such 
a path. Below we sketch a natural way to conveniently deal with this situation. 

In general the the set of Euler structures Sula;^ (M; Z) depends on a base point 
xo G M. One defines the set of Euler structures based at xq as equivalence classes 
[X, c] where X is a vector field with non-degenerate zeros and c € Cl^'^^{M; Z) is 
such that dc = e{X) — x{M)xo- Two such pairs (Xi,ci) and (X2,C2) are equiv- 
alent iff C2 — ci = cs(Xi,X2) mod boundaries. Again this is an affine version of 
Hi{M; Z), the action is defined as in Section[21 Given a path a from xq to xi, the 
assignment [X,c] i-^ [X,c— x{M)a] defines an ifi(M;Z)-equivariant isomorphism 
from &ulxo{M;Z) to €ulxi{M;Z). Since this isomorphism depends on the homo- 
topy class of (T only, we can consider the set of Euler structures as a flat principal 
bundle £ul(M;Z) over M with structure group Hi{M;Z). Its fiber over xq is just 
€ulxo{M;Z), and its holonomy is given by the composition 

7ri(M) -> Hi{M; Z) ^^^^ Hi{M; Z). 

Similarly, the set of Euler structures with complex coefficients can be consid- 
ered as a flat principal bundle €u[(A/; C) over M with structure group Hi{M; C) 
and holonomy given by the composition 

7ri(Af ) -^ Hi{M; Z) ^Mi^ Hi{M; Z) -^ Hi{M; C). 
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There is an obvious parallel honiomorphism of flat principal bundles over M 

i : eu[(M; Z) ^ eu[(Af ; C) (102) 

which is equivariant over the homomorphisni of structure groups Hi{M;Z) — > 
i?i(M;C). 

The set of coEuler structures €u[*jj(M;C) depends on the choice of a base 
point xo G M. It can be defined as the set of equivalence classes [g,a], where g 
is a Riemannian metric and a £ J7"~^(A/ \ {xq}; Of.j) is such that e{g) — da on 
M\{xo}- Two such pairs [gi, ai] and [32, 0^2] are equivalent iff a2 — ai — cs(.gi, (72) 
mod coboundaries, see jTl] Section 3.2]. Every homotopy class of paths connecting 
Xo and xi provides an identification between l£u[*|^ (M; C) and £u[*^ (M; C). Again, 
one can consider the set of coEuler structures as a flat principal bundle €u[*(Af ; C) 
over AI with structure group H^^^{M; O^/)- Its fiber over xq is (£u[*j|(A/; C), and 
its holonomy is given by the composition 

7ri(Af ) ^ Hi{M; Z) ^^^ ifi(Af ; Z) ^ iJi(Af ; C) ^ iJ"-i(Af ; O^^) 

where the last arrow indicates Poincare duality. 

The affine version of Poincare duality introduced in Section[5]can be consider 
as a parallel isomorphism of flat principal bundles over M 

P : eu[(Af ; C) -^ (Sul* (A/; C) (103) 

which is equivariant over the homomorphism of structure groups Hi{M;C) — > 
H'''-^{M;Ofj) provided by Poincare duality We have P{[X,c\) = [g,a] iff 

o) A (X**(5) - a) = 

M\{Xu{xo}) 

for all closed one forms lo which vanish in a neighborhood of A" U {a;o}. 

If i? is a flat complex vector bundle over M we consider the flat line bundle 

Det(Af;^) := det H*{M;E) (g) (det E)-^^'^'\ 

Let Det^(A/;£') denote its frame bundle, a flat principal bundle over M with 
structure group C^ and holonomy given by 

TTi{M) ^ Hi{M;Z) ^^ >C\ 

We will also consider the flat principal bundle Det^(Af ; _E)^^ over M with struc- 
ture group C^ and holonomy given by the composition 

7ri(Af)^iJi(Af;Z) ^^ > C\ 

Note that elements in Det^ (Af ; E)~'^ can be considered as non-degenerate bilinear 
forms on the corresponding fiber of Det(Af ; E). 

The combinatorial torsion defines a parallel homomorphism of flat principal 
bundles 

r|;™* : €u[(Af ; Z) -^ Det^ (A/; E)-"^ (104) 
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which is equivariant over the homoniorphisni of structure groups 

(0£)2:iJi(M;Z)^C\ 

This formulation encodes in a rather natural way the combinatorial torsion's de- 
pendence on the Euler structure and its base point. Concerning the definition of 
(|104p . recall that the corresponding construction in Section [3] assigns to an Euler 
structure txo G 2u[j:q(M;Z) and a bilinear form bx„ on E^g a bilinear form on 
det H*{M;E). Tensorizing this with the bilinear form on {det Exg)~^'-'^'^'' induced 
by bxo, we obtain an element of Detx„{M;E)~'^ which does not depend on the 
choice of b^g- By definition this is the combinatorial torsion t'^™^{Cxo) i^^ (|104p . 

If & is a fiber wise non-degenerate symmetric bilinear form on E, its analytic 
torsion provides a parallel homomorphism of flat principal bundles 

r|,"[^ : £ur(M;C) ^ Det^(Af;^)^2 (^05) 

which is equivariant over the homomorphism of structure groups 

The definition of (|105p is essentially the same as in Section [D To be more precise, 
we represent the coEuler structure e*^ G €u[*^(M;C) as e*^ = [5, a], where a £ 
f2"--i(M \ {xo};C^) is such that e{g) = da. We write 6(dct_E^ )-x(m) for the 
induced bilinear form on (deti^^^o)"'^^^^ and set 

^l^g.^a :=^l^3,fc(0)-n(det'(Ai=;,g,,,,g))^"'^''-exp(-2 / ^B,bAa)®6(deti=;.„)-x(M). 

If x{^''^) 7^ Oj then a will be singular at xq and the integral /, , uJE,b A a has 
to be regularized, see [TTl [T^]. Due to this regularization the additional term 
x(M) tr(6~^&„)(a;o) will appear on the right hand side of (15^ and cancel the 



variation of &(dot_E^ )-x{m) . Other than that the proof of Theorem 14. 21 remains the 
same. Thus te g b a depends on E, e* and [b] only. By definition this is the analytic 
torsion T-[,](e*j' in UnSD. 

In this language the extension of Conjecture 15.11 to non-vanishing Euler- 
Poincare characteristics asserts that for all 6 we have 

^E,[b] o -r o t — T^ 

as an equality of homomorphism of principal bundles over M, see (|102p . (|103p . 
(Uni and dMl). 

As in Section[n]one defines the relative torsion as the quotient of analytic and 
combinatorial torsion. This is a non- vanishing complex number independent of the 
Euler structure and its base point. Its properties in Proposition 15 . 71 remain true as 
stated. With little more effort one shows that the relative torsion in general is given 
by the formula in Proposition 15. f fl Proving the generalization of Conjecture 15.11 
thus amounts to show that the right hand side of the equation in Proposition [5TTT] 



50 Dan Burghelea and Stefan Haller 

equals 1, even if x{M) ^ 0. In view of the anomaly formula it suffices to check this 
for a single Riemannian metric and any representative of the homotopy class [b] . 
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